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Abstract. We provide an exposition and proof of Renault's equivalence theo- 
rem for crossed products by locally Hausdorff, locally compact groupoids. Our 
approach stresses the bundle approach, concrete imprimitivity bimodules and 
is a preamble to a detailed treatment of the Brauer semigroup for a locally 
Hausdorff, locally compact groupoid. 
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1. Introduction 

Our objective in this paper is to present an exposition of the theory of groupoid 
actions on so-called upper-semicontinuous-C*-bundles and to present the rudiments 
of their associated crossed product C*-algebras. In particular, we shall extend the 
equivalence theorem from and [301 Corollaire 5.4] to cover locally compact, 
but not necessarily Hausdorff, groupoids acting on such bundles. Our inspiration 
for this project derives from investigations we are pursuing into the structure of 
the Brauer semigroup, S{G), of a locally compact groupoid G, which is defined to 
be a collection of Morita equivalence classes of actions of the groupoid on upper- 
semicontinuous-G*-bundles. The semigroup S{G) arises in numerous guises in the 
literature and one of our goals is to systematize their theory. For this purpose, we 
find it useful to work in the context of groupoids that are not necessarily Hausdorff. 
It is well known that complications arise when one passes from Hausdorff groupoids 
to non-Hausdorff groupoids and some of them are dealt with in the literature. 
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Likewise, conventional wisdom holds that there is no significant diff'erence between 
upper-semicontinuous-C*-bundles and ordinary C*-bundles; one needs only to be 
careful. However, there are subtle points in both areas and it is fair to say that they 
have not been addressed or collated in a fashion that is suitable for our purposes 
or for other purposes where such structures arise. Consequently, we believe that it 
is useful and timely to write down complete details in one place that will serve the 
needs of both theory and applications. 

The non-Hausdorff locally compact spaces that enter the theory are not arbitrary. 
They are what is known as locally Hausdorff. This means that each point has a 
Hausdorff neighborhood. Nevertheless, such a space need not have any non-trivial 
continuous functions. As Connes observed in [5l[6], one has to replace continuous 
functions by linear combinations of functions that are continuous with compact sup- 
port when restricted to certain locally Hausdorff and locally compact sets, but are 
not continuous globally. While at first glance, this looks like the right replacement 
of continuous compactly supported functions in the Hausdorff setting, it turns out 
that these functions are a bit touchy to work with, and there are some surprises 
with which one must deal. We begin our discussion, therefore, in Section [2] by re- 
viewing the theory. In addition to recapping some of the work in the literature, we 
want to add a few comments of our own that will be helpful in the sequel. There 
are a number of "standard" results in the Hausdorff case which are considerably 
more subtle in the locally Hausdorff, locally compact case. In Section [3] we turn to 
Co(X)-algebras. The key observation here is that every Co{X)-a\gehia, is actually 
the section algebra of an upper-semicontinuous-C*-bundle. Since our eventual goal 
is the equivalence theorem (Theorem I5.5|) . we have to push the envelope slightly 
and look at upper-semicontinuous-Banach bundles over locally Hausdorff, locally 
compact spaces. 

In Section IH we give the definition of, and examine the basic properties of, 
groupoid crossed products. Here we are allowing (second countable) locally Haus- 
dorff, locally compact groupoids acting on Co(G'-*'-')-algebras. In Section [5] we state 
the main object of this effort: Renault's equivalence theorem. 

Our version of the proof of the equivalence theorem requires some subtle machi- 
nations with approximate identities and Section [6] is devoted to the details. The 
other essential ingredients of the proof require that we talk about covariant rep- 
resentations of groupoid dynamical systems and prove a disintegration theorem 
analogous to that for ordinary groupoid representations. This we do in Section [T] 
With all this machinery in hand, the proof of the equivalence theorem is relatively 
straightforward and the remaining details are given in Section [H 

In Section [nH] and Section [521 we look at two very important applications of the 
equivalence theorem inspired by the constructions and results in '2'6] . 

Since the really deep part of the proof of the equivalence theorem is Renault's 
disintegration theorem (Theorem 17. 8p . and since that result — particularly the de- 
tails for locally Hausdorff, locally compact groupoids — is hard to sort out of the 
literature, we have included a complete proof in Appendix IbI Since that proof re- 
quires some gymnastics with the analogues of Radon measures on locally Hausdorff, 
locally compact spaces, we have also included a brief treatment of the results we 
need in Appendix [XI 
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Assumptions. Because Renault's disintegration result is mired in direct integral 
theory, it is necessary to restrict to second countable groupoids and separable C*- 
algebras for our main results. We have opted to make those assumptions throughout 
— at least wherever possible. In addition, we have adopted the common conventions 
that all homomorphisms between C*-algebras are presumed to be ^-preserving, and 
that representations of C*-algebras are assumed to be nondegenerate. 



2. Locally Hausdorff Spaces, Groupoids and Principal G-spaces 

In applications to noncommutative geometry — in particular, to the study of 
foliations — in applications to group representation theory, and in applications to 
the study of various dynamical systems, the groupoids that arise often fail to be 
Hausdorff. They are, however, locally Hausdorff, which means that each point has a 
neighborhood that is Hausdorff in the relative topology. Most of the non-Hausdorff, 
but locally Hausdorff spaces X we shall meet will, however, also be locally compact. 
That is, each point in X will have a Hausdorff, compact neighborhoodlJ In such a 
space compact sets need not be closed, but, at least, points are closed. 

Non-Hausdorff, but locally Hausdorff spaces often admit a paucity of continu- 
ous compactly supported functions. Indeed, as shown in the discussion following 
pn Example 1.2], there may be no non-zero functions in Cc{X). Instead, the ac- 
cepted practice is to use the following replacement for Cc{X) introduced by Connes 
in [5l[6]. If J7 is a Hausdorff open subset of X, then we can view functions in 
Cc{U) as functions on X by defining them to be zero off U. Unlike the Hausdorff 
case, however, these extended functions may no longer be continuous, or compactly 
supported on X0 Connes's replacement for Cc{X) is the subspace, "^{X), of the 
complex vector space of functions on X spanned by the elements of Cc{U) for all 
open Hausdorff subsets U of X. Of course, if X is Hausdorff, then "^{X) — Cc{X). 
The notation Cc{X) is often used in place of "^{X). However, since elements of 
'^^{X) need be neither continuous nor compactly supported, the Cc notation seems 
ill-fitting. Nevertheless, if / G '^to{X), then there is a compact set Kf such that 
f{x) = if a; ^ Kf. As is standard, we will say that a net { } C "^{X) converges 
to / G '^{X) in the inductive limit topology on '^{X) if there is a compact set K, 
independent of i, such that fi^f uniformly and each fi{x) = if x ^ K. 

While it is useful for many purposes, the introduction of '^{X) is no panacea: 
'to{X) is not closed under pointwise products, in general, and neither is it closed 
under the process of "taking the modulus" of a function. That is, if / G "^(A) 
it need not be the case that |/| £ ^(A) [32', p. 32]. A straightforward example 
illustrating the problems with functions in '^{X) is the following. 

Example 2.1. As in [5T1 Example 1.2], we form a groupoid G as the topological 
quotient of Z x [0, 1] where for alH 7^ we identify (n, t) ~ (m, t) for all n, m G Z. 
(Thus as a set, G is the disjoint union of Z and (0, 1]). If / G C[0, 1], then we let 



"'^We do not follow Bourbaki , where a space is compact if and only if it satisfies the every- 
open-cover-admits-a-finite-subcover-condition and is Hausdorff 

"^Recall that the support of a function is the closure of the set on which the function is nonzero. 
Even though functions in C'c{U) vanish off a compact set, the closure in X of the set where they 
don't vanish may not be compact. 
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/" be the function in C({ n } x [0, 1]) C '^{G) given by 

(fit) ift^O, 
/"(m, t) := < /(O) if m = n and t = and 



otherwise. 



Then in view of [HI Lemma 1.3], every F e '^{G) is of the form 



k 



for functions fi, . . . , fk G C[0, 1] and integers rii. In particular, if F e "^(G) then 
we must have 



Let g{t) = 1 for all t e [0, 1], and let F e ■^(G) be defined by F ^g^ -g'^. Then 

{1 ift = Oandn = l, 
-1 if < = and n = 2 and 
otherwise. 



Not only is F an example of a function in "^^(G) which is not continuous on G, but 
|F| = max(F, -F) = fails to satisfy Therefore |F| ^ "^(G) even though 

F is. This also shows that "^^(G) is not closed under pointwise products nor is it 
a lattice: if F,F' e '^(G), it does not follow that either max(F, F') e 'S'{G) or 
min(F,F') e '^(G). 

We shall always assume that the locally Hausdorff, locally compact spaces X 
with which we deal are second countable, i.e., we shall assume there is a countable 
basis of open sets. Since points are closed, the Borel structure on X generated 
by the open sets is countably separated. Indeed, it is standard. The reason is 
that every second countable, compact Hausdorff space is Polish [IHl Lemma 6.5]. 
Thus X admits a countable cover by standard Borel spaces. It follows that X can 
be expressed as a disjoint union of a sequence of standard Borel spaces, and so is 
standard. 

The functions in '^(X) are all Borel. By a measure on X we mean an ordinary, 
positive measure /i defined on the Borel subsets of X such that the restriction of /i to 
each Hausdorff open subset J7 of X is a Radon measure on U. That is, the measures 
we consider restrict to regular Borel measures on each Hausdorff open set and, in 
particular, they assign finite measure to each compact subset of a Hausdorff open 
set. (Recall that for second countable locally compact Hausdorff spaces. Radon 
measures are simply regular Borel measures.) If fj, is such a measure, then every 
function in "^{X) is integrable. (For more on Radon measures on locally Hausdorff, 
locally compact spaces, see Appendix lA. 21 ') 

Throughout, G will denote a locally Hausdorff, locally compact groupoid. Specif- 
ically we assume that G is a groupoid endowed with a topology such that 

Gl: the groupoid operations are continuous, 

G2: the unit space G(°) is Hausdorff, 

G3: each point in G has a compact Hausdorff neighborhood, and 

G4: the range (and hence the source) map is open. 



(2.1) 




n 
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A number of the facts about non-Hausdorff groupoids that we shall use may be 
found in [21] . Another helpful source is the paper by Tu [44] ■ Note that as remarked 
in [m §1B], for each u S G^°\ G" := {7 S G : r(7) = u} must be Hausdorff. To 
see this, recall that { w } is closed in G, and observe that 

G*,G={(7,r?)eGxG:s(7)==s(77)} 

is closed in G x G. Since (7, rj) JV^^ is continuous from G*s G to G, the diagonal 

A(G") := {(7,7) e G" X G"} 

= { (7, r;) e G G : 7?/"^ = u } n G^ x G" 

is closed in G" x G". Hence G" is Hausdorff, as claimed. Of course, if G is 
Hausdorff, then G'"' is closed since G'-^-' = {7GG:7'^=7} and convergent nets 
have unique limits. Conversely, if G is not Hausdorff, then to see that G(°) fails to 
be closed, let 7^ be a net in G converging to both 7 and 77 (with ?7 ^ 7). Since 
is Hausdorff by [G2], we must have 5(7) = s{ri). Then 7j~^7i l^^V (as well as to 
7~^7). Therefore 5(7^) must converge to 7^^?7 ^ G^^\ Therefore G is Hausdorff if 
and only if G'-^-' is closed in G. 

Remark 2.2. Suppose that G is a non-Hausdorff, locally Hausdorff, locally compact 
groupoid. Then there are distinct elements 7 and 77 in G and a net { 7i } converging 
to both 7 and 77. Since G'-^^ is Hausdorff, 3(7^) — s- u = 3(7) — 3(77), and r(7i) — > 
V = r(7) = r{r]). In particular, j~^r] is a non-trivial element of the isotropy group 
G^. In particular, a principal locally Hausdorff, locally compact groupoid must be 
Hausdorff. 

Since each G" is a locally compact Hausdorff space, G" has lots of nice Radon 
measures. Just as for Hausdorff locally compact groupoids, a Haar system on G is 
a family of measures on G, { A" }„gG(o) on G, such that: 

(a) For each u G G'-^-' , A" is supported on G" and the restriction of A" to G" is 
a regular Borel measure. 

(b) For all ?7 e G and / G "if (G), 

/ /(r,7)dA^('')(7)= / f{l)dX-^^\^) 
Jg Jg 

(c) For each / G "^(G), 

/■ /(7)dA"(7) 

JG 

is continuous and compactly supported on G^"-* . 
We note in passing that Renault [39[|40] and Paterson [32l Definition 2.2.2] assume 
that the measures in a Haar system { A" }„gG(°) have full support; i.e., they assume 
that supp(A") — G", whereas Khoshkam and Skandalis don't (see [21] and [22].) It 
is easy to see that the union of the supports of the A" is an invariant set for the 
left action of G on G (in a sense to be discussed in a moment). If this set is all of 
G, then we say that the Haar system is full. All of our groupoids will be assumed 
to have full Haar systems and we shall not add the adjective "full" to any Haar 
system we discuss. Note that if a groupoid satisfies Gl, G2 and G3 and has a Haar 
system, then it must also satisfy G4 [32l Proposition 2.2.1]. 
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If X is a G-spacell then let G * X ~ { (7, x) : 5(7) — r{x) } and define 8 : 
G*X^XxXhy 0(7, x) := (7 ■ x,x). We say that X is a proper G-space if O is 
a proper mapQ 

Lemma 2.3. Suppose a locally Hausdorjf, locally compact groupoid G acts on a 
locally Hausdorjf, locally compact space X. Then X is a proper G-space if and only 
if Q^^{W) is compact in G * X for all compact sets W in X x X . 

Proof. If O is a proper map, then <d^^{W) is compact whenever W is by [3, 1.10.2, 
Proposition 6] . 

Conversely, assume that Q^^{W) is compact whenever W is. In view of [Si 1.10.2, 
Theorem 1(b)], it will suffice to see that is a closed map. Let F C X * G be a 
closed subset, and let E := Q{F). Suppose that { (7^, Xi) } C F and that 8(7^, Xi) = 
(ji ■ Xi, Xi) {%), x). Let W he a. compact Hausdorff neighborhood of {y, x). Since 
F is closed, Q~^{W){^F is compact and eventually contains (7^, Xi). Hence we can 
pass to a subnet, relabel, and assume that (7^,2:^) (7, z) in n Q~^{W). Then 
(7i ■ Xi,Xi) — > {'-f ■ z, z) in W. Since W is Hausdorff, z — x and ^ ■ x — y. Therefore 
{y, a;) = (7 • x, x) is in E. Hence E is closed. This completes the proof. □ 

Remark 2.4. If X is Hausdorff, the proof is considerably easier. In fact, it suffices 
to assume only that Q'^{W) pre-compact0 

Definition 2.5. A G-space X is called free if the equation j ■ x — x implies that 
7 = r{x). A free and proper G-space is called a principal G-space. 

If AT is a G space, then we denote the orbit space by G\X. The orbit map 
q : X ^ G\X is continuous and open [30l Lemma 2.1]. Our next observation 
is that, just as in the Hausdorff case, the orbit space for a proper G-space has 
regularity properties comparable to those of the total space. 

Lemma 2.6. Suppose that X is a locally Hausdorff, locally compact proper G- 
space. Then G\X is a locally Hausdorff, locally compact space. In particular, if C 
is a compact subset of X with a compact Hausdorff neighborhood K , then q{C) is 
Hausdorff in G\X . 

Proof. It suffices to prove the last assertion. Suppose that { Xi } is a net in C such 
that G • Xi converges to G ■ y and G • z for y and z in C. It will suffice to see 
that G ■ y — G ■ z. After passing to a subnet, and relabeling, we can assume that 
Xi ~> X in C and that there are ji G G such that "fi • Xi —^y. We may assume that 
Xi,-fi ■ X E K. Since Q~^{K x K) is compact and since { {ji,Xi) } C 'd~^{K x K), 
we can pass to a subnet, relabel, and assume that {ji, Xi) — > (7, w) in Q~^{K x K). 
Since K is Hausdorff, we must have w = x. Thus ji ■ Xi ^ j ■ x. Since y € C C K , 
we must have 7 • x = ?/. But then G ■ x = G ■ y. Similarly, G ■ x = G ■ z. Thus 
G ■ y = G ■ z, and we're done. □ 



Actions of groupoids on topological spaces are discussed in several places in the literature. 
For example, see |23l p. 912]. 

"^Recall that a map / : A — > B is proper if / X idc :AxC—»-BxC is aa closed map for 
every topological space C [21 1. 10.1, Definition 1]. For the case of group actions, see O III. 4] 

^In the Hausdorff case, "pre-compact" and "relatively compact" refer to set whose closure is 
compact. In potentially non-Hausdorff situations, such as here, we use "pre-compact" for a set 
which is contained in a compact set. In particular, a pre-compact set need not have compact 
closure. (For an example, consider |21l Example 1.2].) 
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Example 2.7. If G is a locally Hausdorff, locally compact groupoid, then the left 
action of G on itself is free and proper. In fact, in this case, G * G — G'-^-' and 
Q is homeomorphism of G'-^^' onto G *s G = { (7, 77) : 5(7) = s(r/) } with inverse 
$(/3, a) = (/3a~^, a). Since $ is continuous, <I>(W) = Q~^{W) is compact whenever 
W is. 

Remark 2.8. If G is a non-Hausdorff, locally Hausdorff, locally compact groupoid, 
then as the above example shows, G acts (freely and) properly on itself. Since this 
is a fundamental example — perhaps even the fundamental example — we will have 
to tolerate actions on non-Hausdorff spaces. It should be observed, however, that 
a Hausdorff groupoid G can't act properly on a non-Hausdorff space X. If G is 
Hausdorff, then G^") is closed and G(°) *X is closed in G*X. However e(G(°) *X) 
is the diagonal in X x which if closed if and only if X is Hausdorff. 

Remark 2.9. If X is a proper G-space, and if K and L are compact subsets of X, 
then 

P{K, L):^{-ieG:Kr\-i-L^$} 

is compact — consider the projection onto the first factor of the compact set 
Q^^{K X L). If X is Hausdorff, the converse is true; see, for example, [U Proposi- 
tion 2.1.9]. However, the converse fails in general. In fact, if X is any non-Hausdorff, 
locally Hausdorff, locally compact space, then X is, of course, a G-space for the 
trivial group(oid) G — {e}. But in this case 6(G * X) = A(X) :— { {x,x) e 
X X X : X £ X}. But A{X) is closed if and only if X is Hausdorff. Therefore, if 
X is not Hausdorff, Q is not a closed map, and therefore is not a proper mapQ Of 
course, in this example, P{K, L) is trivially compact for any K and L. In [40], it is 
stated that X is a proper G-space whenever P{K, L) is relatively compact for all K 
and L compact in X. As this discussion shows, this is not true in the non-Hausdorff 
case. If "relatively compact" in interpreted to mean contained in a compact set (as 
it always is here), then it can be shown that P{K,L) is relatively compact for all 
K and L compact in X if and only if Q^^{W) is relatively compact for all compact 

w [ig. 

As Remark 12.91 illustrates, there can be subtleties involved when working with 
locally Hausdorff, locally compact G-spaces. We record here some technical results, 
most of which are routine in the Hausdorff case, which will be of use later. 

Recall that a subset ?7 C G is called conditionally compact if VU and UV are 
pre-compact whenever V is pre-compact in G. We say that U is diagonally compact 
if UV and VU are compact whenever V is compact. If f7 is a diagonally compact 
neighborhood of G^'^\ then its interior is a conditionally compact neighborhood. 
We will need to see that G has a fundamental system of diagonally compact neigh- 
borhoods of G'^*'^ . The result is based on a minor variation, of [39, Proof of Propo- 
sition 2.1.9] and [29l Lemma 2.7] that takes into account the possibility that G is 
not Hausdorff. 

Lemma 2.10. Suppose that G is a locally Hausdorff, locally compact groupoid. 
If G^^'' is paracompact, then G has a fundamental system of diagonally compact 
neighborhoods of G*^"^ . 



Notice that ^ (K X L) = {e} X K n L, and K n L need not be compact even if both K and 
L are. 
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Remark 2.11. If G is second countable, then so is G^"-*. Hence G^*^-* is always 
paracompact under our standing assumptions. 

Proof. Let V be any neighborhood of G^°-' in G. Since G^^^ is paracompact, the 
shrinking lemma (cf., [35l Lemma 4.32]) implies that there is a locally finite cover 
{Ki} of G'*^-* such that each Ki is a compact subset of G^"-* and such that the 
interiors of the Ki cover G^^\ In view of the local finiteness, any compact subset 
of G*-"-* meets only finitely many Ki. 

Let U'i be a compact neighborhood of Ki in G with [// C Let Ui t// n 
s~^(iir,;) n r^^{Ki). Since s^^(iiri) and r^^(iiri) are closed, J7i is a compact set 
whose interior contains the interior of Ki^ and 

K,(lU,^Vr\s~^{K,)^r-\K,). 

Therefore 

C/ U 

is a neighborhood of G*^"-*. If K is any compact subset of G'^°-', then 

f/ns"i(/-i:) = y c/jns"i(ii:). 

Since s~^(iC) is closed and the union is finite, U n s^^{K) is compact. Similarly, 
r^^ {K)r\U is compact as well. Since U -K ~ {Ur\s^^{K))-K , the former is compact 
as is if • U . Thus, [/ is a diagonally compact neighborhood of G*^°^ contained in 
V. □ 

Remark 2.12. We have already observed that if G is not Hausdorff, then G*-"-* 
is not closed in G. Since points in G are closed, it nevertheless follows that 
G^"^ is the intersection of all neig hborhoods V of G^'') in G. In particular. 
Lemma |2.10 on the previous page] implies that G*^"^ is the intersection of all 
conditionally compact, or diagonally compact, neighborhoods of G^^\ provided 
is paracompact. 

Lemma 2.13. Suppose that G is a locally Hausdorff, locally compact groupoid and 
that K C G'"-* is compact. Then there is a neighborhood W of G^^'' in G such that 
WK = Wr\ r-^{K) is Hausdorff. 

Proof. Let u K and let Vu be a Hausdorff neighborhood of u in G. Let Cu C G(") 
be a closed neighborhood of u in G(°) such that G„ C K- Let Wu := r-\G^°'^ \ 
G„) U Ki- Then Wu is a neig hborhood of G'-°^ and iy„G„ C K- Let ui, . . . , M„ be 
such that K c[j^ Cu, , and let W -.^ f] ■ 

Suppose that 7 and rj are elements oi W ■ K which can't be separated. Then 
there is a u G K such that r(7) = u = r{r]) (Remark |2. 2 on page 5p . Say u G G^,. . 
Then 7,?7 G W^m;, and consequently both are in Vu^. Since the latter is Hausdorff, 
7 = 77. Thus is Hausdorff. □ 

Lemma 2.14. Suppose that G is a locally Hausdorff, locally compact groupoid and 
that X is a locally Hausdorff, locally compact G-space. If V is open in X and 
if K C V is compact, then there is a neighborhood W of G*^°^ in G such that 
W -K C V. 

Proof. For each x € K there is a neighborhood Ux of r{x) in G such that Ux-K C V. 
Let Xi,...,Xn be such that \Jr{Ux,) D r{K). Let W := \jUx, U r-^ {G'-^^ \r{K)). 
Then W is a neighborhood of G(°) and W ■ K C {{JUx,) ■ K C V . □ 
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The next lemma is a good example of a result that is routine in the Hausdorff 
case, but takes a bit of extra care in general. 

Lemma 2.15. Suppose that G is a locally Hausdorff, locally compact groupoid and 
that X is a locally Hausdorff, locally compact free and proper (right) G -space. If 
W is a neighborhood of G'"' in G, then each x d X has a neighborhood V such that 
the inclusion {x,x ■ ^) £V xV implies that 7 £ W^. 

Proof. Fix X ^ X. Let C be a compact Hausdorff neighborhood of x in X. If the 
lemma were false for x, then for each neighborhood of a; such that V C G, there 
would be a 7v ^ and a xy & V such that {xy, xy ■ Jv) & V x V . This would 
yield a net {{xy ,'yv)}{vcc}- Since 

A = {{x,^) e X X G : X e G and x • 7 £ C } 

is compact, we could pass to a subnet, relabel, and assume that {xy,"fy) —>■ {y,j) 
in A. Since G is Hausdorff and since xy — > x while xy ■ ^y x, we would have 
X = y and a; ■ 7 = x. Therefore, we would find that 7 = s{x) e W. On the other 
hand, since W is open and since 'yy ^ W for all V we would find that 7 ^ W. This 
would be a contradiction, and completes the proof. □ 

The next proposition is the non-Hausdorff version of Lemmas 2.9 and 2.13 
from f^H^. 

Proposition 2.16. Suppose that G is a locally Hausdorff, locally compact groupoid 
with Haar system { A" }„g(3(o) . Let X be a locally Hausdorff, locally compact free 
and proper (right) G-space, let q : X ^ X/G be the quotient map, and let V C X 
be a Hausdorff open set such that q{V) is Hausdorff. 

(a) If^j e Gc{V), then 

XW{q{x)) = / ^{x.j)dXf\j) 

JG 

defines an element \{'4') G Gc{q{V)) . 

(b) Ifde Gc{qiV)), then th ere is a ip E Gc{V) such that X{ip) = d. 

Corollary 2.17. The map A defined in part (a) of Provosition lS. 16\ extends nat- 
urally to a surjective linear map A : "^{X) "^(X/G) which is continuous in the 
inductive limit topology. 

Proof of Corollary \2.17\ Let V he a Hausdorff open subset of X, and let i/j G Gc{V). 
We need to see that X{ip) G "^{X/G). Let be a open neighborhood of suppy -0 
with a compact neighborhood contained in 1/Q Then Lemma on page"5| implies 
that q{W) is Hausdorff, and Proposition 12.161 imphes that A(i/') G Gc{q{W)). It 
follows that A extends to a well-defined linear surjection. The statement about the 
inductive limit topology is clear. □ 

Remark 2.18. In the language of [IHI, the first part of the proposition says that the 
Haar system on G induces a g-system on X — see ^Oj p. 69]. 



Here we use the notation supp^ to describe the support of a function on V relative to V 
as opposed to all of X. Recall that the support of a continuous function is the closure of the 
set where the function is not zero, and since X is not necessarily Hausdorff, the closure of a set 
relative to a subset such as V need not be the same as the closure of the subset in X. 
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Proof of Proposition \2.16l Let D — suppy ?/'• Since V is locally compact Hausdorff, 
there is an open set W and a compact set C such that 

DcW CC CV. 

Let Q: XxG^XxXhe given by Q{x,j) — {x,x ■ 7). Since the G-action is 
proper, 

A := e-'^{C X C) ^ {{x,-f) e X X G : X e C and X ■ J e C} 

is compact. Moreover, if { {xi, "fi) } is a net in A converging to both (x, 7) and (y, rj) 
in A, then since C is Hausdorff, we must have x — y. Then { • 7^ } converges to 
both x ■ 7 and a; • 77 in the Hausdorff set C. Thus x ■ ^ ~ x ■ rj, and since the action 
is free, we must have ^ = rj. In sum, A is Hausdorff. 

Let F : C X G — + C be defined hy F{x,^) — ip{x ■ Notice that F vanishes off 
A. Let K := pr2(A) be the projection onto the second factor; thus, K is compact 
in G. Unfortunately, we see no reason that K must be Hausdorff. Nevertheless, we 
can cover K by Hausdorff open sets Vi, . . . ,Vn- Let Aj :— An {CxVj), let { fj } be a 
partition of unity in C{A) subordinate to { Aj } and let Fj{x, 7) := fj{x, 7)F(x, 7). 
Then Fj e Cc{Ai). 

Claim 2.19. If we extend Fj by setting to be off A, we can view Fj as an element 
of Gc(G X Vj). 

Proof of Claim. Suppose that { (xi, 7i) } is a net in G x converging to [x, 7) in 
G X V^. Let 

B:={C X G)r\e-\X xW)^{{x,j):xeC andx-jeW}. 

Then B is open in G x G and B C A. If {x, 7) G B, then {xi, 7^) is eventually in B 
and Fj{xi,^i) — > Fj{x,^) (since Fj is continuous on A). 

On the other hand, if (a;, 7) ^ B, then Fj{x,^) — 0. If {F(xi,7i)} does not 
converge to 0, then we can pass to a subnet, relabel, and assume that there is a 
5 > Q such that 

\Fj{xi,^i)\ > S for aU i. 
This means that fj{xi,ji) 7^ for all i. Since fj has compact support in Aj, we 
can pass to a subnet, relabel, and assume that (2:^,7^) {y,il) in Aj. Since G is 
Hausdorff, y = x. Since Vj is Hausdorff, 77 = 7. Therefore {xi,'yi) (a;, 7) in A. 
Since Fj is continuous on A, Fj{x,j) > S. Since S > 0, this is a contradiction. This 
completes the proof of the claim. □ 

Since G x is Hausdorff, we may approximate Fj in Gc(G x V,) by sums of 
functions of the form (a;, 7) g{x)h{j), as in [28, Lemma 2.9] for example. Hence 

x^ ( F,{xn)d\f\-i) 

JG 

is continuous. 

Suppose that {xi} is a net in V such that q{xi) q[x) (with x S V). If 
q{x) ^ q{D), then since q{D) is compact and hence closed in the Hausdorff set 
q{V), we eventually have q{xi) ^ q{D). Thus we eventually have X{tlj)(^q{xi)) = 0, 
and X{ip) is continuous at q{x). On the other hand, if q(x) G q{W), then we may 
as well assume that Xi x in C. But on G, 

:r-A(^)(g(x))== / ^t, 7) dA^ ^ (7) = E / ^.(^,7) ^(t) 
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is continuous. This completes the proof of part (a). 

For part (b), assume that d G Cc{q{V)) . Then suppg(v') d is of the form q{K) 
for a compact set K C V. Let g € Cc{V) be strictly positive on K. Then X(g) is 
strictly positive on suppg(y') d, and X(^gX{g)d^ = d. 

□ 

Lemma 2.20. Suppose that H and G are locally Hausdorff, locally compact 
groupoids and that X is a (H^G)- equivalence. Let X *s X = {{x^y) ^ X ^ X : 
s{x) = s{y) }. Then X *s X is a principal G-space for the diagonal G-action. If 
t{x, y) is the unique element in H such that t{x, y) ■ y = x, then t : X *s X ^ H 
is continuous and factors though the orbit map. Moreover, t induces a homeomor- 
phism of X *s X/G with H . 

Proof. Clearly, X *s is a principal G-space and t is a well-defined map on X *s X 
onto H. Suppose that {(xi^yi)} converges to {x,y). Passing to a subnet, and 
relabeling, it will suffice to show that { r(xi, yi) } has a subnet converging to t{x^ y). 
Let L and K be Hausdorff compact neighborhoods of x and y, respectively. Since 
we eventually have { {T{xi,yi), yC) } in Q~^{K x L), we can pass to a subnet, relabel, 
and assume that (T{xi,yi),yi) — > {ri,z) in Q~^{K x L). In particular, since L is 
Hausdorff, we must have z — y. Since r]-y € K , Xi ~f rj-y and since K is Hausdorff, 
we must have x = rj ■ y. Thus 77 — t{x, y). This shows that t is continuous. 

Clearly r is G-equi variant. If T{x,y) — t{z,w), then sx{x) = rH{T{x,y)) = 
Sx(z). Since X is an equivalence, z = a; • 7 for some 7 G G. Similarly, rx{y) = 
SH{T{x,y)) = rx{w), andy = w-7' for some 7' G G. Therefore r induces a bijection 
ofX*sX onto H. To see that r is open, and therefore a homeomorphism as claimed, 
suppose that T{xi,yi) — > T{x,y). After passing to a subnet and relabeling, it will 
sufhce to see that {{xi,yi)} has a subnet converging to {x,y). Let L and K be 
Hausdorff compact neighborhoods of x and y, respectively. Since 8^^(L x K) is 
compact, we can pass to a subnet, relabel, and assume that (T{xi,yi),yi) (Vj^) 
in 9^^(L X K). Since K is Hausdorff, z = y. On the other hand, we must have 
Xi — rixi, yi) ■ yi —>■ t(x, y) ■ y — x. This completes the proof. □ 

3. Go (X)- ALGEBRAS 

A Go{X)-algebra is a G*-algebra A together with a nondegenerate homomor- 
phism LA of Gq{X) into the center of the multiplier algebra M{A) of A. The map 
LA is normally suppressed and we write / • a in place of LAif)a. There is an expand- 
ing literature on Go(X)-algebras which describe their basic properties; a partial list 
is [2|[T0 l [20 l [3T | l46j . An essential feature of Go(X)-algebras is that they can be real- 
ized as sections of a bundle over X. Specifically, if Co,x{X) is the ideal of functions 
vanishing at x E X, then Co^x{X) ■ A is an ideal in A, and A{x) :— A/I^ is 

called the fibre of A over x. The image of a G A in A{x) is denoted by a{x). 

We are interested in fibred G*-algebras as a groupoid G must act on the sections 
of a bundle that is fibred over the unit space (or over some G-space) . In [30] and 
in it was assumed that the algebra A was the section algebra of a G*-bundle 
as defined, for example, by Fell in [T^]. However recent work has made it clear that 
the notion of a G*-bundle, or for that matter a Banach bundle, as defined in this 
way is unnecessarily restrictive, and that it is sufficient to assume only that A is 
a Go(G(°^)-algebra [HH^HIUllli] • However, our approach here, as in [53] (and in 
[ID]), makes substantial use of the total space of the underlying bundle. Although it 
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predates the term "Co(X)-algebra" , the existence of a bundle whose section algebra 
is a given Co(X)-algebra goes back to [TBHIB], and to [9]. We give some of the basic 
definitions and properties here for the sake of completeness. 
This definition is a minor variation on 9, Definition 1.1]. 

Definition 3.1. An upper-semicontinuous-Banach bundle over a topological space 
X is a topological space £/ together with a continuous, open surjection p = pj^ : 
^ X and complex Banach space structures on each fibre £/x '■= P^^{{x}) 
satisfying the following axioms. 

Bl: The map a i— > ||a|| is upper semicontinuous from jz/ to R+. (That is, for all 

e > 0, { a G : [|a|| > e } is closed.) 
B2: If £/ *£/ { (a, 6) G X jz/ : p{a) — p{b) }, then (a, 6) ^ a+b is continuous 

from £/ * £/ to £/. 
B3: For each A G C, a ^ Aa is continuous from ^ to .2/. 

B4: If { Oi } is a net in £/ such that p{ai) x and such that ||a,;|| 0, then 
flj — > O2; (where 0^; is the zero element in ^). 

Since { a G ^ : ||a|| < e } is open for all e > 0, it follows that whenever — > Ox 
in then ||ai|| 0. Therefore the proof of [121 Proposition 11.13.10] implies that 
B3': The map (A, a) — > Aa is continuous from C x jz/ to . 

Definition 3.2. An upper- semicontinuous-C* -bundle is an upper-semicontinuous- 
Banach bundle pi^ : ^ X such that each fibre is a C*-algebra and such that 

B5: The map (a, 6) ab is continuous from * to jz/. 
B6: The map a ^ a* is continuous from si to si . 

If axiom Bl is replaced by 

Bl': The map a 1— > ||a|| is continuous, 
then p : si — > X is called a Banach bundle (or a C* -bundle). Banach bundles are 
studied in considerable detail in §§13-14 of Chapter II of [1^. As mentioned above, 
the weaker notion of an upper-semicontinuous-Banach bundle is sufficient for our 
purposes. In fact, in view of the connection with Co(X)-algebras described below, 
it is our opinion that upper-semicontinuous-Banach bundles, and in particular up- 
per-semicontinuous-C*-bundles, provide a more natural context in which to work. 

If p : ^ ^ X is an upper-semicontinuous-Banach bundle, then a continuous 
function f : X si such that po f ~ idx is called a section. The set of sections is 
denoted by r(Ar; si). We say that / G r{X; si) vanishes at infinity if the the closed 
set {x £ X : \f{x)\ > e} is compact for all e > 0. The set of sections which vanish 
at infinity is denoted by To{X; si), and the latter is easily seen to be a Banach space 
with respect to the supremum norm: ||/|| — sup^.^;,;^ 11/(2;) || (cf. [91 p. 10]); in fact, 
ro(X; si) is a Banach Co(^)-module for the natural Co(X)-action on sectionsll In 
particular, the uniform limit of sections is a section. Moreover, if p : si ^ X is slu 
upper-semicontinuous-C*-bundle, then the set of sections is clearly a ^-algebra with 
respect to the usual pointwise operations, and ro(X; si) becomes a Co(X)-algebra 
with the obvious Co(^)-action. However, for arbitrary X, there is no reason to 
expect that there are any non-zero sections — let alone non-zero sections vanishing 
at infinity or which are compactly supported. An upper-semicontinuous-Banach 



We also use FciX; s/) for the vector space of sections with compact support (i.e., {x £ X : 
f{x) Ox} has compact closure). 
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bundle is said to have enough sections if given x £ X and a e £/x there is a section 
/ such that f{x) — a. If X is a Hausdorff locaUy compact space and if p : jz/ X 
is a Banach bundle, then a result of Douady and Soglio-Herault implies there are 
enough sections ^12t Appendix C]. Hofmann has noted that the same is true for 
upper-semicontinuous-Banach bundles over Hausdorff locally compact spaces [TT] 
(although the details remain unpublished 16J). In the situation we're interested in 
— namely seeing that a Co{X)-algehTa, is indeed the section algebra of an upper- 
semicontinuous-C*-bundle — it will be clear that there are enough sections. 

Proposition 3.3 (Hofmann, Dupre-Gillete). Ifp : X is an upper- semicontin- 

uous-C* -bundle over a locally compact Hausdorff space X (with enough sections), 
then A := T{)[X]S^) is a C'o{X) -algebra with fibre A{x) = ja4- Conversely, if A is 
a Co{X)-algebra then there is an upper-semicontinuous-C* -bundle p : —* X such 
that A is (isomorphic to) Tq{X;£/). 

Proof. This is proved in 46, Theorem C.26]. □ 

The next observation is useful and has a straightforward proof which we omit. 
(A similar result is proved in 06l Proposition C.24].) 

Lemma 3.4. Suppose that p : £/ X is an upper-semicontinuous-Banach bundle 
over a locally compact Hausdorff space X , and that B is a subspace of A = Tq{X; £/) 
which is closed under multiplication by functions in Co{X) and such that { f{x) : 
f G B } is dense in A(x) for all x G X . Then B is dense in A. 

As an application, suppose that p : £/ ^ AT is an upper-semicontinuous-C*- 
bundle over a locally compact Hausdorff space X. Let A = ro(A;^) be the 
corresponding Co(A)-algebra. If t : F — > A is continuous, then the pull-back t*£/ 
is an upper-semicontinuous-C*-bundle over Y. If y is Hausdorff, then as in [34], 
we can also form the the balanced tensor product t*{A) :— CoiX) (^Co{x) ^ which 
is the quotient of Co (Y) (X> A by the balancing ideal Ir generated by 

{(p{f oT)®a-(p(E)f-a: ipe Co(F), / £ Co(A) and aG A}. 

If iy9 e Co{Y) and a G A, then ^jj{(p(E)a){y) := (p{y)a(^T{y)'j defines a homomorphism 
of Cq{Y) ® A into To{Y;t* s:/) which factors through t*{A), and has dense range 
in view of Lemma IX4l As in the proof of [34, Proposition 1.3], we can also see that 
this map is injectivc and therefore an isomorphism. Since pull-backs of various sorts 
play a significant role in the theory, we will use this observation without comment 
in the sequel. 

Remark 3.5. Suppose that p : jz/ — > A is an upper-semicontinuous-C*-bundle 
over a locally compact Hausdorff space X. If r : F — > A is continuous, then 
/ e ^cO^i T*£/) if and only if there is a continuous, compactly supported function 
f : Y ^ £/ such that p[f{y)) = T{y) and such that f{y) = (^y,f{y)y As is 
customary, we will not distinguish between / and /. 

Suppose that p : X and q : £^ —^ X are upper-semicontinuous-C*-bundles. 

As usual, let A = ro(A; £/) and B = ro(A; Any continuous bundle map 

(3.1) £/ 




X 
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is determined by a family of maps <i>(x) : A{x) B{x). If each <i>(x) is a homo- 
morphism (of C*-algebras), then we call <i> a C* -bundle map. A C*-bundle map <& 
induces a Co(X)-homomorphism Lp : A ^ B given by (p{f ){x) = <i>(/(x)). 

Conversely, if 1^9 : A ^ _B is a Co(X)-homomorphism, then we get homomor- 
phisms ipx '■ A{x) — > B{x) given by (px{a{x)) = (p{a){x). Then $(a;) := (p^ deter- 
mines a bundle map $ : jz/ ^ ^ as in (|3.ip . It is not hard to see that $ must be 
continuous: Suppose that ^ a in s/. Let / G A be such that f(p{a)) = a. Then 
<^(/)(p(a)) = $(a) and 

||<i>(a,) - ^(/)(p(a.)) II <h^- f{p{a^)) \\ ~^ 0. 

Therefore $(ai) — > 3>(a) by the next lemma (which shows that the topology on the 
total space is determined by the sections). 

Lemma 3.6. Suppose thatp : s/ X is an upper-semicontinuous-Banach-bundle. 
Suppose that { } is a net in si , that ads/ and that f G To{X; s/) is such that 
f(p{a)^ ~ a. If p{ai) — > p(a) and if \\ai — f(p{ai)'j \\ 0, then Ui ~> a in s/ . 

Proof. We have Ui — f{p{ai)) Op(a) by axiom B4. Hence 

at = (oi - f{p{ai)) + f{p{ai)) Op(a) + a = a. □ 

Remark 3.7. If ro{X;s/) and To{X;^) are isomorphic Co(X)-algebras, then s/ 
and ^ are isomorphic as upper-semicontinuous-C*-bundles. Hence in view of 
Proposition 13.31 every Co(X)-algebra is the section algebra of a unique upper- 
semicontinuous-C*-bundle (up to isomorphism). 

Remark 3.8. If s/ and ^ are upper-semicontinuous-C*-bundles over X and if $ : 
s/ ^ 3§ is a C*-bundle map such that each $(a;) is an isomorphism, then $ is 
bicontinuous and therefore a C*-bundle isomorphism. 

Proof. We only need to see that if $(0^) ^{a), then a,; a. After passing to 
a subnet and relabeling, it suffices to see that { a; } has a subnet converging to a. 
But p{ai) — q($(ai)) must converge to p{a). Since p is open, we can pass to a 
subnet, relabel, and assume that there is a net hi ^ a with p{bi) — p{ai). But 
we must then have $(6i) ^ $(a)- Then \\bi - ai\\ \\^{hi - ai)\\ 0. Therefore 
hi - ai ^ Op(a), and 

ai = (aj - bi) + hi ^ Op(^) + a = a. □ 

If p : — > X is an upper-semicontinuous-Banach bundle over a locally Hausdorff, 
locally compact space X , then as in the scalar case, there may not be any non-zero 
sections in TdX; S"). Instead, we proceed as in [40] and let ^^(A"; (?) be the complex 
vector space of functions from X to (o spanned by sections in Tc{U; >S'\u), were U 
is any open Hausdorff subset of X and := p~^{U) is viewed as an upper-semi- 
continuous-Banach bundle over the locally compact Hausdorff space Uu We say S' 
has enough sections if given e G (?, there is a / G J#(A; S') such that f(p{e)) — e. 
By Hofmann's result [17], S' always has enough sections. 

Remark 3.9. Suppose that p : — > A is an upper-semicontinuous-Banach bundle 
over a locally Hausdorff, locally compact space A. Then we say that a net { Zi 
converges to z in the inductive limit topology on ^(A; (o) if — > z uniformly and 



In the sequel, we will abuse notation a bit and simply write rc{U;<a) rather than the more 
cumbersome FdU; ra\u)- 
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if there is a compact set C in X such that aU the Zi and z vanish off C. (We are not 
claiming that there is a topology on'^{X\ S) in which these are the only convergent 
nets.) 

Lemma 3.10. Suppose that Z is a locally Hausdorff, locally compact principal 
(right) G-bundle, that p : ^ Y is an upper-semicontinuous-Banach bundle and 
that a : Z/G Y is a continuous, open map. Let q : Z ^ Z/G he the orbit map. 
If f '^{X; [a o q)*S§), then the equation 

Kf){x-G) = [ f{x-^)dX<-\^) 
Jg 

defines an element A(/) G '^^{Z /G'.a* SS). 

Proof. We can assume that / G Tc{V] {a o q)*!^) with V a Hausdorff open set in 
Z . Using an approximation argument, it suffices to consider / of the form 

f{x) = g{x)a{a{q{x))) 

where g G Cc{V) and a G Tc{cr{q{V));,'^). The result follows from Corol- 
lary [5[TTonpagr5| □ 

Remark 3.11. The hypotheses in Lemma fS.lOl mav seem a bit stilted at first glance. 
However, they are precisely what are needed to handle induced bundle representa- 
tions of groupoids. We will use this result is the situation where X is a principal 
G-space, Z = X *s X, H i& the associated imprimitivity groupoid Y = H'-^\ 
cr{[x,y]) = rx{x) and q = rn- 

4. Groupoid Crossed Products 

In this section we want to review what it means for a locally Hausdorff, locally 
compact groupoid G to act on a Co(G'^''^)-algebra £/ by isomorphisms. Such actions 
will be called groupoid dynamical systems and will be denoted {£/,G,a). We also 
discuss the associated crossed product ^ G. Fortunately, there are several 
nice treatments in the literature upon which one can draw [HI §1; [22l §2.4 & 
§3; EH §7; ESI EH §2; [32l HO]. However, as in O §7], we intend to emphasize 
the underlying bundle structure. Otherwise, our treatment follows the excellent 
exposition in [2T1E2] . We remark that Renault uses the more restrictive definition 
of G*-bundle in [40j. In our formulation, the groupoid analogue of a strongly 
continuous group of automorphisms of a G* -algebra arises from a certain type of 
action of the groupoid on the total space of an upper-semicontinuous-G*-bundle. 

Definition 4.1. Suppose that G is a locally Hausdorff, locally compact groupoid 
and that A is a Go(G'^*'^)-algebra such that A = ro(G'^°-'; £/) for an upper-semicon- 
tinuous-G*-bundle £/ over G^^\ An action a of G on A by ^-isomorphisms is a 
family {a^}^^c such that 

(a) for each 7, : ^(5(7)) A(^r{j)) is an isomorphism, 

(b) arj-y = o for all (77, 7) G G'^^ and 

(c) 7-0 :— a-y(a) defines a continuous action of G on £/. 
The triple {£/, G, a) is called a (groupoid) dynamical system. 

Our next lemma implies that our definition coincides with that in |22j (where 
the underlying bundle structure is not required), but first we insert a remark to 
help with the notation. 
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Remark 4.2. Suppose that (jz/, G, a) is a dynamical system, and let A be the 
Co(G^°^)-algebra, roiC-^^; £/). We may pull back £/ to G with s and r to get two 
upper-semicontinuous-C*-bundles s*£/ and r*£/ on G (See Remark 13.51) . If U is 
a subset of G, we may restrict these bundles to U, getting bundles on U which we 
denote by s\(j*s:/ and r\ij*£/. If U is open and Hausdorff in G, then we may form 
the Go(J7)-algebras, Tq{U;s*£/) and To{U;r*s^), which we denote by s\u*{A) and 
r\ij*{A), respectively. Then, by the discussion in the two paragraphs preceding 
Lemma 13. 6[ we see that there bijective correspondence between bundle isomor- 
phisms between s\ij*£/ and r\u*-s/ and Go(J7)-isomorphisms between s\u*{A) and 
r\u*{A). (See also the comments prior to Remark |3.5 on page 13[ ) 

Lemma 4.3. Suppose that (jz/, G, a) is a dynamical system and let A be the 
Gq{G'^"^)- algebra, ro(G(°);£/). If U C G is open and Hausdorff, then 

(4.1) au{f)il):^a^{fh)) 

defines a Go{U) -isomorphism of s\u* (A) onto r\ij*{A). If V C U is open, then 
viewing s\v* (A) as an ideal in r\ij*{A), ay is the restriction of ajj . 

Conversely, if A is a Go{G^^^)-algebra and if for each open, Hausdorff subset 
U CZ G, there is a Ca{U)-isomorphism ajj : s\u* (A) — s- r\ij* A such that ay is 
the restriction of au whenever V <Z U , then there are well-defined isomorphisms 
a-y ; A(s(7)) — > A(r(7)) satisfying (|4.1I) . // in addition, for all 

(?7,7) e G(2), then {s^,G,a) is a dynamical system. 

Proof. If (i/, G, a) is a dynamical system, then the statements about the ajj are 
easily verified. 

On the other hand, if the ajj are as given in the second part of the lemma, 
then the := (a^/)^ : ^(5(7)) — * yl(r(7)) are uniquely determined due to the 
compatibility condition on the ac/'s. It only remains to check that 7 • a := a~f{a) 
defines a continuous action of G on . Suppose that (7^,04) (7,1) in { (7; a) '■ 
5(7) — p{a) }. We need to prove that 7i • ^ 7 • a in jz/. We can assume that there 
is a Hausdorff neighborhood [/ of 7 containing all 7^. Let g £ s\u*{A) be such that 
5(7) = a. We have 

au{9){li) au{g){l) -.^ j ■ a. 

Also 

\\oiu{g)hz) -1% ■ a^W = ||a^,(g(7») - a«)ll = ll.9(7») - 0. 
Therefore a(7(ff)(7i) - li ' o-i ^ Op{a), and 

7i • fli = au{9){%) + (7i • fli - ac/(5)(7i)) ^ 7 • a + Op(a) =7-0. □ 

In the Hausdorff case, the crossed product is a completion of the compactly 
supported sections Tc{G;r* s;/) of the pull-back of via the range map r : G ^ 
G(°l In the non-Hausdorff case, we must find a substitute for rc{G;r* £/). As in 
Section [HI we let '^(G;r* s^) be the subspace of functions from G to jz/ spanned 
by elements in T J^U ; r*j2/) for all open, Hausdorff sets U C G. (Elements in 
TciU ; r*j2/) are viewed as functions on G as in the definition of '-^{G).) 

Proposition 4.4. If G is a locally Hausdorff, locally compact groupoid with Haar 
system { A" }, then ?#(G; r* s^) becomes a ^-algebra with respect to the operations 

f*g{l)= I f{Tl)aMr'l))dy'-^\v) and r(7)=«^(/(7-i)*). 
Jg 
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The proof of the proposition is fairly routine, the only real issue being to see 
that the formula for f * g defines an element of 'i^{G;r* £/). For this, we need a 
preliminary observation. 

Lemma 4.5. Suppose that U and W are Hausdorff open subsets of G. Let U*rW = 
{ if], 7) : r(ry) — r(^) }, and let r* si = { (77, 7, a) : r(r\) = r(7) = p(a) } he the pull- 
back. If F £Tc{U *rW;r*£/), then 

Jg 

defines a section in Tc{W;r*£/). 

Proof, li Fi F in the inductive limit topology on Tc{U *r W;r*£/), then it is 
straightforward to check that /j ^ / in the inductive limit topology on rc(VF; r*^/). 
Thus it will suffice to consider F of the form {rj, 7) (-> h{rj, 7)0 (r (7)) for h G Cc{U*r 
W) and a G Tc{G'^'^^ ] s/). Since [/ *r is closed in U x W, we can assume that h 
is the restriction of 77 g Cc{U x W). Since sums of the form (77,7) 1— > fti(r?)/i2(7) 
are dense in Cc{U W), we may as well assume that H{r],^) = h\{rf)h2{"i) for 
hi e Cc{U) and h2 G cdw). But then 

/(7) = /i2(7)a(r(7)) / hi{7j) dX<'<Hrj) , 
Jg 

which is clearly in rc(iy; r*^). □ 

Proof of Proposition 14-4 the facing page\ To see that convolution is well- 
defined, it suffices to see that f * g ^ '^{G;r*£/) when / e Tc{U;r*£/) and 
g € Tc{V \r* s/) for Hausdorff open sets U and V. We follow the argument of 
[2H p. 52-3]. Since U is Hausdorff, and therefore regular, there is an open set Uq 
and a compact set Kf such that 

supp/ cUq a Kf cU. 

Given 7 G supp^, we have Kfjj^^ C U. Even if iir/77^^ is empty, using the local 
compactness of G and the continuity of multiplication, we can find an open set Wj 
and a compact set such that 7 G Wj C with 

Claim 4.6. UqW-^ is Hausdorff. 

Proof of the Claim. Suppose that 77^7^ converges to both a and /? in UqW^. Since 
Wry C i^-y, we can pass to a subnet, relabel, and assume that 7^ ^ 7 G K^. Then 
rji converges to both a7^^ and P'y~^. This the latter are both in Ui^W^K^^ C 
KfKjK^^ C [/, and since U is Hausdorff, we must have aj^ -1 = i3j-^. But then 
a = /3. This proves the claim. □ 

Since supp g is compact, we can find open sets C/i, . . . , (7„ and Wi, . . . , Wn such 
that supp g CljWi, supp f C Ui and J/jWi is Hausdorff. If we let U' := f^Ui and 
use a partition of unity to write g = ^gi with each supp gi CVi, then we can view 
/ G Gc{U') and replace g by gt. Thus we may assume that / G rc{U;r*£/) and 
g G rc(y; r*j2/) for Hausdorff open sets U and V with C/T^ Hausdorff as well. Next 
observe that (77, 7) ^ (r/, 777) is a homeomorphism of i? := { (77, 7) G J7 x F : 5(7;) = 
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r(7) } onto an open subset B' of U *r UV. On B' , we can define a continuous 
function with compact support by 

('7i,7i) fM^m (givT^ii))- 

Extending this function to be zero off the open subset B' , we get a section (as in 
Remark |3.5 on page 13[ ) (p G Tc{U *r UV; r*£/) such that 

v{Vi,li) = fMgili) for all (771, 7i) G B. 
It follows from Lemma [4.5 on the preceding page} that f * g ^ Tc{UV\r* s^) C 

The remaining assertions required to prove the proposition are routine to verify. 

□ 

If / G '^{G; r*si^), then 7 1-^ ||/(7)|| is upper-semicontinuous on open Hausdorff 
subsets, and is therefore integrable on G with respect to any Radon measure. Thus 
we can define the I-norm by 

||/|U-max{ sup / ||/(7)|MA"(7), sup / ||/(7)IMA„(7) }. 

The crossed product jz/ xIq, G is defined to be the enveloping G*-algebra of 
^^(G;r*^). Specifically, we define the (universal) G*-norm by 

l/ll := sup{ ||L(/)|| : L is a II • || /-decreasing ^-representation of ^^(G; r*j2/) }. 

Then £^ Xq G is the completion of ^^(G; r*j2/) with respect to || • ||. (The notation 
Ay^aG would also be appropriate; it is used in [22] for example. Since our approach 
is a bundle one, using a notation that includes the bundle seems appropriate.) 

Example 4.7. As in the case of ordinary G*-dynamical systems (see |46( Exam- 
ple 2.33]), the a groupoid G*-algebra G*(G, A) is a degenerate case of the groupoid 
crossed product. Let G be a locally Hausdorff, locally compact groupoid with Haar 
system { A" }„gG(o). Let — .^qw be the trivial bundle G^°) x C. Then G acts 
by isomorphisms on 5^(o) by left translation: 

lt^(s(7),^) = {r{l),z). 

Then it is routine to check that (5^(0) , G, It*^) is a dynamical system with ^(o) Xj^g 
G isomorphic to the groupoid G*-algebra G*(G, A). 

Since a group is a groupoid whose unit space is a single point, we can view ordi- 
nary dynamical systems and their crossed products as trivial examples of groupoid 
dynamical systems and crossed products. A more interesting class examples arise 
as follows. 

Example 4.8. Suppose that A is a Go(^)-algebra and that X is a locally compact 
(Hausdorff) ©-space for a locally compact group (S. Suppose that 

a : © Aut A 

is a strongly continuous automorphism group such that 

(4.2) as{Lp ■ a) =\is{Lp) ■ as(a), 

where \ts(}p){x) = ^p{s~^ ■ x). For example, if Prim A is Hausdorff, then we can let 
X := Prim A. Then A is a Go(A^)-algebra (via the Dauns-Hofmann Theorem), and 
X is naturally a ©-space such that (|4.2p holds (see [46l Lemma 7.1]). 
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Let G = <& X X he the transformation groupoid, and note that A — ro{X; £/) for 
an upper-semicontinuous-bundle jz/ j461 Theorem C.26]. Then we get a groupoid 
dynamical system (jz/, G, a) where 

(4.3) a(s,a;)(a(s^^ • x)) = ds{a){x). 

Then it is a matter of checking that si/ G is isomorphic to the ordinary crossed 
product A xIq, © via the map that sends / £ Cc{G, A) to / G ^c{G; r*s/) given by 

(4.4) j{s,x)^^{s)-^}{s){x), 
where A is the modular function on For example, 

A(s)^/*<?(s)(x)= / A(r)^/(r)d,(A(r-is)5g(r-is))ds(x) 

= / A(r)^/(r)(a;)d^(A(r-is)55(s-V))(a;)ds 
f{r, x)a(^s,r) (g(s"^'', ■ x)) ds 

= f*g{s,x). 

5. Renault's Equivalence Theorem 

In this section, we want to extend Renault's definition 40, Definition 5.3] of 
an equivalence between two dynamical systems {H, f3) and {x/, G, a) to the 
setting of upper-semicontinuous-G*-bundles, and to give a precise statement of the 
his Equivalence Theorem in this context. In doing so, we also give an explicit 
description of the pre-imprimitivity bimodule between r*^) and ^^(G; r*£/). 

Definition 5.1. An equivalence between dynamical systems {^,H,f3) and 
(^, G, a) is an upper-semicontinuous-Banach bundle : (o X over a (ff, G)- 
equivalence X together with B(r{x)^ ~ A(s(a;))-imprimitivity bimodule structures 
on each fibre S'^ and commuting (continuous) H- and G-actions on the left and 
right, respectively, of S' such that the following additional properties are satisfied. 

(a) (Continuity) The maps induced by the imprimitivity bimodule inner prod- 
ucts from S" * S" ^ and S" * S" ^ £/ are continuous as are the maps 

* S' S' and S ^ si —* S induced by the imprimitivity bimodule actions. 

(b) (Equivariance) The groupoid actions are equivariant with respect to the 
bundle map : § X; that is,p^(ry-e) = r/-p^(e) andp^(e-7) =p^(e)-7. 

(c) (Compatibility) The groupoid actions are compatible with the imprimitivity 
bimodule structure: 

Jr? • e , 77 • /} = /3,( , /)) • (& • e) = /3,(6) • (77 • e) 

(e • 7 , / - 7)^ = a:^i((e , /)^) (e • a) • 7 = (e • 7) • a~'^{a). 

^'^The modular function is introduced simply because it is traditional to use the modular 
function as part of the definition of the involution on Cc(©, ^) C A'AaH and we need / 1— > / to be 
♦-preserving. The indicated map on dense subalgebras is isometric because representations which 
are continuous in the inductive limit topology are in fact bounded with respect to the universal 
norms. For the same reason, it is possible, although not traditional, to define the involution on 
ordinary crossed products without the modular function. In the latter case, we could dispense 
with the modular function in l|4.4)l . 
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(d) (Invariance) The i/-action commutes with the ^-action on S and the G- 
action commutes with the ^-action. That is, 77 • (e • a) ~ {rj ■ e) ■ a and 
(6 ■ e) • 7 = & • (e • 7). 

Lemma 5.2. As a consequence of invariance we have 

• 7 , / • 7} = , /} and (?? • e , 77 • /)^ = (e , f)^ 

for all e, f £ , rj Cz H and 7 G G. 

Proof. If g G then using invariance, we have 

Je,/).(g-7) = 0,/)-5)-7 

= (e . 7) . (/ . 7 , gr . 7) 

= ^(e • 7 , / • 7) • (3 •7)- 
The first equation follows and the second follows by symmetry. □ 

Remark 5.3. Since our inner products are full, the converse of Lemma 15.21 holds as 
well. That is, if the inner products are invariant under the "other" groupoid action, 
then invariance holds. 

Example 5.4. An important and instructive example of Definition |5.1 on the preceding page] 
is to see that {£/, G, a) is equivalent to itself via p : r*£/ G. Recall that 

rW := { (7, a) e G X ^ : r{j) = p^(a) }. 

We equip the fibre over 7 with a A(r{j)^ - v4(s(7))-imprimitivity bimodule struc- 
ture as follows: 

„ , Ml , a), (7, b))) := ah* a ■ (7, h) := (7, ab) 

((7 , a), (7, 6))) := a~^{a*b) (7, b) ■ a = (7, ba^{a)). 

We let G act on the right and left of r*j^ as foUows: 

/?-(7,a) := (/?7,a^) (7, a) • /? = (7/9, a). 

At this point, it is a simple matter to verify that axioms (a)-(d) of Defini- 
tion [5TT^^Thc^^revIous^^age] are satisfied. 

Theorem 5.5 ( |401 CoroUaire 5.4]). Suppose that G and H are second countable 
locally Hausdorff, locally compact groupoids with Haar systems { Xq }„gG(o) and 
{ luG-ffC' ' respectively. If pg : S ^ X is an equivalence between (^, i/, (3) 
and (^, G, a), then Xq — '^{X] S) becomes a 3§ yip H - si/ G-pre-imprimitivity 
bimodule with respect to the following operations: 



(5.1) 






•7) , 77- •7))dAc''''(7), 


(5.2) 


f ■ z{x) := 


JH 


•z(ry-i.x)) dXf\rjh 


(5.3) 


z ■ g{x) 


/ ■ 7) 

Jg 


■7^1) ■ a^{g{j'''^)) dX'f^^'^-f) and 


(5.4) 




[ Hv-' ■ 

JH 


y-i-') ,v{v-'-y)-i-\dX'-^^\v) 
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Remark 5.6. Since X is a (H, G)-equivalence, the equation r(x) = r{y) implies that 
y — X ■ j' for some 7' G G. Thus in (jS.ip we are free to choose any x G {sh{v)) ■ 
On the other hand, we can replace x in (jS.ip by y := 77 • a; and obtain 

dSU) _ ((^ , ii'M?]) / (z{y . 7) , ,y . «;(ry-i • • 7)) dX'^^\^), 



where any y G f^^iroir])) will do. Similarly, in (|5.4p . we are free to choose any 
y G s^Hsg(7))- 

Remark 5.7. Checking that (|5.ip - (|5.4p take values in the appropriate spaces of 
functions is a bit fussy in the non-Hausdorff case. We can suppose that z G Tc{U; S) 
and w G Tc(V] S"), where U and V are Hausdorff open subsets of X. Then U *sV 
is a Hausdorff open subset of X *s X. Let q : X *s X ^ H he the "orbit" map (cf. 
Lemma [2.20 on page IID . We get an element / G TdU *s V; {rn o q)*^) defined 

by 

f{x,y) := J^z{x) , t{x, y)-w{y)), 

where T{x,y) is defined as in Lemma 12.201 Then the obscure hypotheses of 
Lemma |3.10 on page 15] have been cooked up so that we can conclude that 

defines an element in TdqiU *s as required. 

To see that ()5.2p defines an element oi '^^ {X ; S') , we proceed exactly as in the 
proof for the convolution in Proposition |4.4 on page 16} We assume / G ^c{V; r*^) 
and z G Tc(U; S). Using partitions of unity, we can assume that the open set V ■ U 
is Hausdorff. The map (77,2:) 1— > {r],ri ■ x) is a homeomorphism of i? = { {r],x) G 
V xU : 5(77) = r{x) } onto an open subset B' oi V *r V ■ U = {{a,y) G V x V ■ U : 
r(f7) — r{y) }. Hence the integrand in (|5.2p is a section h G Tc{V *rV -U; r* S'). An 
argument analogous to that in Lemma [4. 5 on page 17| shows that / ■ z G '^{X\S'). 

Remark 5.8. It is worth noting that, in Example |5. 4 on the facing pagc[ the inner- 
products and actions set out in (|5.ip - (|5.4p are the natural ones: 

ay,f,J^^ , W)} = Z =1= f . f * Z 

{{w , v))^ ^ = w* * V z ■ g = z * g. 



For example, we start with (|5.ip : 

' " ■ x • 7) , ?7 • • 7)) dAg^''^(7) 

z{^)a,{w{,r'ir)d4''\l) 
z{^)a,{w*{^-^^))d\f\^) 



G 



z * w*{r]) 
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Similarly, we can start with (15. 2p : 

f-z{x)= [ f{rj)-{,Tzir^-'-x))dXp{rj) 



f{r^)a^{z{r^x))d\f\r^) 
= / * z{x). 

We can do the same with (|5.3|) and (|5.4p . or appeal to symmetry (as described 
below) . 

It will be helpful to see that equivalence of dynamical systems is completely 
symmetric. Let S be an equivalence between {^,H,(3) and {s!/,G,a). Let S"* 
be the underlying topological space of <f, let ^ : (o ^ £* he the identity map 
and define p* : S"* ^ X°p by p*(^{e)) = [p{e))°^ . Then as a Banach space, 
the fibre S'*a-p = and we can give S*ap the dual A(r(a;°P)) - i3(s(x°P))-imprim- 
itivity bimodule structure of the dual module {Sx)* ■ Then p* : ^ is 
a ,G,a) - H, (3) equivalence. Furthermore, if we define $ : 'i^{X;S') 
'^{X°P;S'*) by $(/)(x°p) := \f{x)), then we can easily compute that 

($(z) , <i>(7«)))(7) = / (mil • x°P • r;) , 7 . cI>(u;)(x°P . 7?)) rfA^"°'')(77) 

J H 

= I f{zir,~' . X ■ 7-^))) , ■ x) ■ ^r')) dxf 



iz , w)) 



Equally exciting computations give us the following lemma. 

Lemma 5.9. With $ : ^(X; S') ^(X°P; S"*) defined as above, we have 

($(z) , $H)) = ({z , w)) , $(«))) - ((w , 4 

5 • $(2) = <i>(z • g*) $(z)./ = $(r -z). 

This lemma can be very useful. For example, once we show that ((z , z » is 
positive for all z, it follows by symmetry that ^ ^($(z) , $(z))) is positive for all 
z. But by Lemma 15.91 we must have ((z , z))^ ^ positive. 

Now for example, we show that the left-inner product respects left-module action: 

J-^ ■ ^ ' ^^H??) = / J/-^('7-2;-7) . V ■ w{x ■ d\"^''\-i) 

rpi^) ■ ■ z - (cr^^V • a; • 7)) ,V ^ix ■ 7)) 

A^(^)(7)dA^^''^(a) 



H JG 



f{^)P'^ ( / • ^ • ^) ' ^"'^ • ■ ^)) ^^g"^(7)) 



H ^JG 
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By symmetry and by applying Lemma[5.9 on the facing page it also follows that 



{{w ,v- g))^^^^ = {{w , v))^^^^ * g. 

Similar computations show that (|5.2p defines a left-action, and it automatically 
follows that (|5.3[) is a right action by symmetry. 
Next we check that 

(For the sake of honesty, not to mention motivation, we should admit that we 
started with (|5.ip and (|5.2p . and then used (|5.5p to compute what (|5.3p and (|5.4p 
should be.) Anyway, to check (|5.5|) we compute 

lz{ri ■ y ■ l) , V w{y ■ i)) ■ {rj ■ v{i]''^ ■ x)) 

H JG 

which, after replacing y by rj"^ ■ x and taking advantage of invariance (Defini- 
tion [53©), is 

= / / • 7) , • w{-q~^ • a; • 7)) • (?7 • v{-q~^ • a;) • 7) • 7"^ 

Jh Jg 

which, since (o^.j is an imprimitivity bimodule, is 

{z{x • 7) • (77 • u;(77"^ • X • 7) , • v{f]~'^ ■ x) ■ j) J ■ 7"^ 

d4y\j)dxf\v) 

which, in view of Lemma l5.21 is 

{z{x ■ 7) • 7"^) • a^{{w{T]~^ • a; • 7) , v{ri~'^ ■ x) ■ 7)^) 

dX^^y\j)dXf\r^) 
(z(x • 7) • 7^^) • a^{{{w , ^')>^^^^(7~^)) dXch) 

G 



Example 5.10 (The Scalar Case). Suppose that G and H are second countable 
locally Hausdorff, locally compact groupoids with Haar systems { A" }u£G(°'> ^'^'^ 
{ }^eff(o) , respectively. Then if X is a {H, G')-equivalence, we can make = 
X X C into a (^(o) , H, It^) - {^g(°^ ' lt'^)-equivalence in the obvious way. Then 
Theorem [53] implies that C*{H,j3) ^ .^hw ^it^ and C*{G,X) ^ J^g<") Xit^ G 
are Morita equivalent. Therefore we recover the main theorem from [28j . 
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Example 5.11 (Morita Equivalence over T). Let : T and p^g : ^ —> T be 

upper-semicontinuous-C*-bundles over a locally compact HausdorfF space T. As 
usual, let A = To{T]£/) and B = To{T]^) be the associated Co(T)-algebras. We 
can view the topological space T as a groupoid — the so-called co-trivial groupoid 
— and then we get dynamical systems (^,T, id) and T, id). If q : ^ T is 
a T, id) - (i^, r, id)-equivalence, then in the case Ps^^ and pag are C*-bundles, 
q is what we called an jz/ - .^^-imprimitivity bimodule bimodule in [23|, Defini- 
tion 2.17]E3 As in [23, Proposition 2.18], X := ro(r; S") is a A- T-B-imprimi- 
tivity bimodule. Just as in the Banach bundle case, the converse holds: if X is 
a A - Ti3-imprimitivity bimodule, then there is an upper-semicontinuous-Banach 
bundle q : ^ ^ T such that X = Tq{T\ ^). In the Banach bundle case, this 
follows from \Vl, Theorem 11.13.18 and Corollary II. 14. 7]. The proof in the upper- 
semicontinuous-Banach bundle case is similar (and invokes [9', Proposition 1.3]). 

Example 5.12 (Raeburn's Symmetric Imprimitivity Theorem). Perhaps the funda- 
mental Morita equivalence result for ordinary crossed products is the Symmetric 
Imprimitivity Theorem due to Raeburn [33]. We want to sec here that, at least in 
the separable case, the result follows from Theorem l5.5l We follow the notation and 
treatment from [46, Theorem 4.1]. The set-up is as follows. We have commuting 
free and proper actions of locally compact groups ^ and on the left and right, 
respectively, of a locally compact space P together with commuting actions d and 
/3 on a C*-algebra D. In order to apply the equivalence theorem, we assume that 
Sj and P are second countable and that D is separable. 

Then, as in 05} §3.6], we can form the induced algebras B := Ind^(I?,/3) and 
A :— Ind;^(£', a), and the diagonal actions 

(7 : ^ AutInd^(i:>,/3) and f : i5 ^ Aut Ind;^(i:), d) 

defined in [461 Lemma 3.54]. The Symmetric Imprimitivity Theorem implies that 

(5.6) lnd^{D, /3) >3a ^ is Morita equivalent to lnd^{D,a) >ii- Sj. 

Since B = lnd^{Dj) is clearly a Co(F/i3)-algebra, B = rn{P/Sj;^) for an 
upper-semicontinuous-C*-bundle 3§. The fibre B{p ■ Sj) over p ■ 9) E P/gH can be 
identified with Ind^'^ (£>, /3). Of course, for any q e p-Sj, the map / ^ f{q) identifies 
B{p ■ f)) with A. However, this identification is not natural, and we prefer to view 
B{p-f)) as functions onp-Sj. It will be convenient to denote elements of i3§ as pairs 
{p-9^, f) where / is an appropriate function onp-?). As in Example |4. 8 on page 18{ 
we can realize Ind^(£', /?) Xo- .ft as a groupoid crossed product .S§ yi^ H, where H is 
the transformation groupoid H := P/ and crjj p.^) is defined as follows. Given 

/ G Ind^(/3), we can view /It-i.p.f, as an element of B(t~^ ■ p ■ Sj), and we get an 
element of i?(p • ij) by 

CT(t,p.f,) (/)(?) = at{f{t^^ -q))- 

In a similar way, we can realize Ind;^(-D, d) xif -$3 as a groupoid crossed product 
^ Xt- G where G is the transformation groupoid G := K\P x and x-p) is given 

by 

r(h,K.p){f){q)^f^h{f{q-h)). 



^^In 1231 Definition 2.17], the liypothesis tliat the inner products should be continuous on 
S' * S' was inadvertently omitted. 
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We want to derive ()5.6p from the equivalence theorem by showing that the trivial 
bundle S — P x A is a {dS, H, t) - (jz/, G, a) equivalence. We have to equip S'p — 
{ (p, a) : a e 13 } with a B(jj ■ - ■ p)-imprimitivity bimodule structure and 
specify the H and G actions on ff. Standard computations show that we get an 
imprimitivity bimodule structure using the following inner-products and actions: 

^^^ J{p , a), {p, b)){p ■ h) = P^\ab*) (p . 55, /) • (p, a) = (p, f{p)a) 

{{P , a),{p,b)) it-p) ^ at{a*b) (p,a) ■ p, f) ^ (p,af(jp)). 

The H and G actions are given by 

{t,p-Sj) ■ {t^^ ■P,a) ^ {p,at{a)) {p,a) ■ {h,K-p) ^ {p- h,(3^'^{a)). 

Since P is a (ff, G)-equivalence, it is now simply a matter of checking axioms (a), 
(b), (c) and (d) of Definition 1 5.1 on pageT^ 

Checking part (a) (Continuity) at first seems awkward because the bundles £/ 
and M are only specified indirectly. However we can do what we need using sections. 
For example, we have the following observation. 

Lemma 5.13. The map S is continuous if and only if p ^ , 9{p)) 

IS m TciP; r*p.^) for all f,ge TdP; S). 

Proof. The (=4>) direction is immediate. For the other direction, assume that 
a.i — > a and 6i — > 6 in with p{ai) ^ Xi = p(bi) converging to p{a) = x ^ p{^)- Then 
we need to see that J^Oi , bi) ^ ^{a , b) in For this, it suffices to find a section 
F G Tc[P]r*p^) such that F{x) = J^a , b) and such that \\F{x,) - J^a, , b,)\\ 
(see Lemma [3.6 on page Thus, we can take F[p) :— J^f{p) , 9{p))^ where 
f{x) — a and g{x) = b. □ 

However, even with Lemma 15.131 in hand, there is still a bit of work to do. Let 
P P := { (p^ q) £ P X P : p ■ Sj — q ■ ^) } . Then P *r P locally compact and the 
properness of the action implies that there is a continuous map 9 : P *r P ^ ^ such 
that q ■ 6{q,p) = p. We know from for example, that rp{B) = To{P;r*p^) is 
(isomorphic to) the balanced tensor product 

CoiP) ®Co{P/^)B. 

Therefore sections in ro(P; r*pS§) are given by continuous bounded D-valued func- 
tions on P *r -P such that p i— > \\F{p, •)|| vanishes at infinity on P and such that 

F{p,q-h)^p-\F{p,q)). 

Therefore if /, g G Cc{P, D), then we get a section F in To{P; r*p,'^) by defining 

F{p,q) = J^fip) , gip)){q) = ^p{p) , g{p)){p ■ e{p,q)) = /^efep) (/(p)5(p)*) • 

Then the continuity of the map from S * S can be derived easily from 

Lemma [5. 131 The rest of part (a) follows similarly. 

Part (b) (Equivariance) is built in, and both part (c) (Compatibility) and part (d) 
(Invariance) follow from straightforward computations. Thus S' is the desired equiv- 
alence. 

We will return to the proof of the equivalence theorem in ^ In the meantime, 
we need to build up a bit of technology. In particular, we need some special ap- 
proximate identities, and we need to know that representations of crossed products 
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are the integrated form of covariant representations in a manner that paraUels that 
for ordinary dynamical systems. 

6. Approximate Identities 

In this section, we assume throughout that S implements an equivalence be- 
tween the groupoid dynamical systems /?) and {s^ ^ G, a) as laid out in Defi- 
nition [5TT]o^^^eT9j Notice that since H and G are possibly non-Hausdorff locally 
Hausdorff, locally compact groupoids, we have to allow that our (if, G)-equivalence 
X may not be Hausdorff as well. 

Lemma 6.1. Let B = V ^(U^^'^ ; 3S) act on in the natural way: h ■ z{x) := 

b(r{x)^ ■ z{x). If {bi} is an approximate identity for B, then for all z S ^{X; co), 
hi ■ z converges to z in the inductive limit topology. 

Proof. Fix e > and a Hausdorff open set U C X. Let z ^rdU'jS"). It will suffice 
to see that there is an Iq such that I > Iq implies that 

||6;(r(a;)) • z{p) — z{p)\\ < e for all p. 

Let G be a compact subset of U such that z vanishes off U. Since (^x is a left Hilbert 
-B(r (a;)) -module, bi[r{x)) ■ z{x) converges to z{x) for each x^ Since e i-^ ||e|| is 
upper semicontinuous, there is a cover of G by open sets Vi, . . .Vn such that Vi C U 
and such that there is a S Fq 

(i? (") ; ^) such that 

\\ai(r{x)^ ■ z{x) — z{x)\\ < S for all x G Vi, 

where S = min(e/3, e/(3||z||oo 4- 1)). Let £ G+(C/) be such that supp</7i C Vi and 
such that </^'»(a;) = 1 if 2: e G. Define a G Fc(f/; r*^) by 

a{x) = a.i{r{x))ipi{x). 

i 

Then for all x E X , 

(6.1) \\a{x) ■ z{x) - z{x)\\ < 6. 
We can find a Iq such that I > Iq implies 

\\bi(^r{x)) ai(^r{x)) — ai(^r{x)) \\ < ^ for all i and all x. 

Then 

(6.2) \\bi{r{x)) ■ a{x) - a{x)\\ < ^ \\bi{r(x))a,{r(x)) - a,{r(x))\\^,{x) < ^. 

i 

If I > ^Oi we have ||6;(r(a;)) • z{x) — z{x)\\ bounded by 

\\bi{r{x)){z{x)~a{x)-z{x))\\ + \\{bi{r{x))a{x)~a{x))-z{x)\\ + \\a{x)-z{x)-z{x)\\ 

Since ||6/(r(a:)) || < 1 for and x, and in view of (|6.ip and (|6.2p . the above is bounded 
by e. This completes the proof. □ 

Lemma 6.2. Suppose that U is a Hausdorff open subset of X . Then Tc{U;S') 
becomes a left pre-Hilbert To{U;r*^) -module where the left action and pre-inner 
product are given by 

b- z(x) :~ b(x)z(x) and (z , w)(x) :— (z(x) , w(x)). 



■The relative topology on is the Banach space topology [9] p. 10]. 
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Proof. The only issues are the positivity of the inner product and the density of the 
span of the range of the inner product. But since every irreducible representation 
of the Co (t/)- algebra ro(L/;r*^) factors through a fibre, to show positivity it will 
suffice to see that for each x, ^ {z{x) , w{x)) > in _B(r(a;)). However, this 
follows since <S is an equivalence. Furthermore, the ideal 

/j; = span{ ^ {z ,w){x) : z,w ^Tc{U;S\u)} 

= span{ ^^^^^^(^z{x) , w{x)) : z,w E Tc{U; S'\u) } 

is dense in the fibre To{U; r* S§){x) over x. Since the ideal / spanned by the inner 
product is a Co(^)-niodule, it follows that / is dense in ro(L/; r*^). □ 

We also need the following observation which was used in ^45, p. 75] with an 
inadequate reference. 

Lemma 6.3. Suppose that X is a full right Hilbert A-module. Then sums of the 
form 

n 
i=l 

are dense in . 

Remark 6.4. We'll actually need the left-sided version of the result. But this follows 
immediately by taking the dual module. (Note that a sum is really required; think 
of the usual A^(7i)-valucd inner product on a Hilbert space Ti..) 

Proof. Fix a G . Then a = b*b and since X is full, we can approximate & by a 
sum 

r 

i=l 

Therefore we can approximate a by 

^(xj , yj)*Jxi , yi)^ = ^(x, • {xj , y^)^ , y,)^ 

ij ij 

(6.3) =T.(^-^'-Ayj) ^yd,- 

ij 

But M := [Qxi,xj) is a positive matrix in Af,.(A^(X)) ([35l Lemma 2.65]). Thus 
there is a matrix (Ty) G Mr[lC{X)) such that 

r 

1=1 

Then (113]) equals 

ij k k 

where 

zk = ^Tikiyi). 

i 

This completes the proof. □ 
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Corollary 6.5. Suppose that b is a positive element in B = Tq{H^^'>\1^), that C 
is compact subset of a Hausdorff open subset U of X . If e > 0, then there are 
zi, . . . , Zn G rc(J7; (a) such that 

n 

\\b{r{x)) - ' < ^ f°'^ X eC. 

2 = 1 

Proof. There is a d e Tf){U;r*^) such that d{x) = b[r{x)) for all a; G C. In view 
of Lemma |6. 2 on page 26{ Lemma |6. 3 on the preceding page implies that there are 
Zi such that 

i 

for all X. This suffices. □ 

Since we plan to build an approximate identity, we need to recognize one when 
we see one. 

Proposition 6.6. Let {bi be an approximate identity for B — T q[H^^'> ] 1^) . 
Suppose that for each 4-tuple {K, U, I, e) consisting of a compact subset K C H^^\ 
a conditionally compact neighborhood U of i?'"' in H , I G L and e > there is a 

e = e^K,UM^'^{H;r*J^) 

such that 

(a) suppe C U, 

(b) / Mri^dX'^iri) <A for allue K and 

< e for all u ^ K . 



(c) / e{r,)Xl{i^)~bi{u) 

JH 

Then { e(K.u,i,e) }; directed by increasing K and I, and decreasing U and e, is 
an approximate identity in the inductive limit topology for both the left action of 
'^iH;r*M) on itself and of '^^{H-r* ^) on^{X;,^). 

Proof. In view of Example |5.4 on page 20[ it suffices to treat just the case of the 
action of '^{H; r*.SS) on '^[X; S"). Let V be a Hausdorff open subset of X and let 
z S Tc{V; S"). It will suffice to see that e„i • z — > z in the inductive limit topology. 

Let Ki :— suppy z. Lemma |2.14 on page 8| implies that there is a diagonally 
compact neighborhood Wi of i?'*'' in H such that K2 := Wi ■ Ki <Z V . Using 
Lemma |2.13 on page 8[ and shrinking Wi a bit if necessary, we can also assume 
that Wir{K2) is Hausdorff. 

Claim 6.7. There is a conditionally compact neighborhood Ui of in H such 
that Ui C Wi and such that rj eUi implies that 

(6.4) ■ z(ri^^ ■ x) ~ z{x)\\ < e for aU x G X. 

Proof of Claim. Notice that if the left-hand side of (|6.4p is non-zero, then we must 
have X in the compact set K2. Therefore if the claim were false, then for each 
U C Wi there would he a. rju and a xu G K2 such that 

(6.5) \\t]u ■ ziVu^ ■ Xu) - z{xu)\\ > e. 

Since we must also have each rju in the compact set Wi ■ r{K2), and since each 
Xu is in the compact set K2, there are subnets {rju^ } and {xu^ } converging to 
rj G Wir{K2) and x G K2, respectively. For any U C Wi, we eventually have rjjj^ in 
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Ur{K2) C Wir(K2). Since Wir{K2) is HausdorfF, we must have rj £ Ur{K2) for all 
U . Therefore 77 G r{K2) in view of Remark |2. 12 on page 8[ Therefore {rj^"^ ■ xu^ } 
converges to x in V. Thus rjjj^ ■ z{ri^^ ■ xu^) z{x) in £'. Since e 1— > ||e|| is upper 
semicontinuous, this eventually contradicts (|6.5p . This completes the proof of the 
claim. □ 

Lemma |6.1 on page 26| implies that we can choose h such that I > h implies 

\\bi[r{x))z{x) - z{x)\\ < e for all x E X. 

li e — e(K,u,i,e) with K D r{K2), U <Z Ui and I > li, then ||e • z{x) — z{x)\\ = 
if r{x) ^ K and if r{x) £ K we compute that 



||e • — z(a;)|| < j e{ri)(ri ■ z{ri ^ ■ x) — z{x))) dX^^^\ri) 

(/ e{rj)dXf\rj)~k{r{x)))z{x) 



+ \\bi(r{x))z{x) - z{x)\ 



<Ae + e\\zl 
Since supp(e ■ z) C K2, this suffices. 



□ 



Now we can state and prove the key result we require on approximate identities. 
It is a natural extension of [28l Proposition 2.10] to our setting. In fact, we will 
make considerable use of the constructions from |28j . 

Proposition 6.8. There is a net {e\} in '^{H; r* SS) consisting of elements of the 
form 

"A 

1=1 

with each zf € 'i^{X\S'), which is an approximate identity for the left action of 
'^{H;r*^) on itself and on'^{X;S). 

Proof. We will apply Proposition |6.6 on the facing page Let { 6; } be as in that 
proposition, and let {K, [/, I, e) be given. 

Let Oi,...,0„ be pre-compact Hausdorff open sets in X such that {r(Oi)} 
cover K. Let {hi} C C+(i?^''^) be such that suppft-i C r{Oi) and such that 

n n 

hi{u) ~ 1 if u £ K, and hi{u) < 1 for all u. 
i=i 1=1 

Let d be a compact set in Oi such that 

(6.6) r{Ci) = K nsnpp hi. 

Notice that IJ r{Ci) — K, and that there are compact neighborhoods Di of Ci such 
that A C 0^. 

For each i, we will produce e^, which is a sum of inner-products required in the 
proposition, with the additional properties that 

(a) suppei C U, 
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(b) if u e K, then 



and 

(c) if u ^ K, then 



H 



e^{j^) dXij{i^) - h,{u)bi{u) 



H 



< 



Then if e := ^ e^, we certainly have suppe C U. Furthermore, if u £ K, then 

/ ||e(ry)l|(iA^(r,)<f^ / ||e,(ry)|| dA^(,?) 
Jh Jh 

n 



< 

i=l 

< 4. 



Moreover, if u £ K, then 



/ e(ry)dA^-6K")|| <E||/ 



64(77) dX^{r]) - h,{u)bi{u) 



< e. 



Therefore it will suffice to produce e^'s as described above. 

Fix i, and let S = min(i,^,|). Use Corollary |6.5 on page 28| to find zj S 
TciOi; S) such that 



(6.7) K{r{x))hi{r{x)) - E«,.<.„(^^(^) ' ^^■(^)) 



i=i 



< 5 for all X G Di 



To make some of the formulas in the sequel a little easier to digest, we introduce 
the notation 

m 

^{v,y) '^•^J(^"'•y))• 
i=l 

Notice that the summation in (|6.7[) is T{r{x),x) . 

Claim 6.9. There is a conditionally compact neighborhood W of if'"-' in H such 
that W C U and such that i] £ W implies that 

(6.8) \\T{r^,y)-T{r{y),y)\\<6 for aU y e X. 

Proof of Claim. The proof follows the lines of the proof of the claim on page [551 
We just sketch the details here. 

Let Kq be a compact subset of Oi such that for all 1 < j < m we have Zj (x) = 
if a; ^ Kq. Let Wi be a diagonally compact neighborhood of i?'"' in H such that 
Wi ■ Kq C Oi and such that Wir{Ko) is Hausdorff. If the claim where false, then 
for each W C Wi we could find an xw £ Wi ■ Kq and an rjw £ W d (Wir{Ko)) 
such that 

(6.9) |1T(?7M/, xw) ~ T{r{xw),xw) || > <5 > 0. 

We could then pass to subnet, relabel, and assume that xw x € Wi - Kq and that 
Vw r{x). Since the net would eventually fall in Oi, T{riw,xw) — > '^{'>'{x),x), 



which would eventually contradict (|6.9p . 



□ 
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We repeat some of the constructions from [28l Proposition 2.10] — taking care to 
remain in the Hausdorff realm. Let Vi, . . . ,Vk be pre-compact open sets contained 
in Di which cover Ci, and such that (x, x ■ rj) G Vj x Vj imphes that r/ e W. 

Since {r{Vj) } covers r{Ci), there are dj G C+(i?(°)) such that suppd.; C r{Vi), 
J2j dj{u) = 1 if u G r{Ci), and J2j ^ 1 fo'^ Since the G-action on X 

is free and proper, Proposition ! 2. 16 on page "5| imphes that there are ipj e C^{Vj) 
such that 



dj{r{x)) 



^,{x-^)d\f\^). 



G 



Since the Vj are aU contained in Di, there is a constant M such that 



M:= sup V / tvAx-l)d\f\^). 
xex .^^ Jg 



(To see this, let G C+(Oi) be such that £,j{x) = 1 for all x E Vj. Proposi- 
tion [2l6o^page9] implies that A(^j) G Cc{X/G). Then M < ^^'^^ ||A(Cj)||oo-) 
Using [28J Lemma 2.14], we can find ipj G C^{Oi) with supp(^j C Vj such that 



(6.10) 

The point is that 



ijjix) -ifjix) I Lpj{ij ^ ■ x) dX'^''\'q) 

H 



< 



M' 



[ [ Y.^,{x-^)v,{r'-x-^)d\f\^)dXt\ri)-j2dM^)) 
JhJg^^, 

k 

"fij ■ i^i^^ -^-i) '^^'g'^ (7) rfA^""^ (??) 

-E / V,(x-7)dAf^(7) 

/ [ ^,iv''-x-^)dxf\^)-^,ix-j))dxp{^) 



(5 

M 

To make the formulas easier to read, let 

fe 

F{r],y) :=E^i(y)'^j ('?~^ ■2/)- 

Notice that our choice of Vj 's implies that 

(6.11) F{T],y)^0 li-qiW OT y iD,. 
Then the above calculation implies that if r{x) G r{Ci)., then 

(6.12) / I F{^,x-^)d\f\^)d\t\^)-l 

JH JG 



<T7 I H{x-7)d4''\j)<6 



<S, 
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while 5 < ^ implies that we always have 

(6.13) 0< / [ F{r],x--/)dX"(^''\-f)d\'j^''\rj) <l + 6 <2. 

Jh Jg 

Define 

Wjp{x) ipj{x)zp{x) and 6^(77) := V {(wjp , Wjp}){r]). 

jp 

Using (|5.1ip . we have 

e»('7) = / FiViX ■-f)T{r],x ■-f)dX'(^''\-f). 
Jg 

li T] G W, then we chose W such that 

(6.14) ||T(77,y)-T(r(2/),2/)l| <<5 for aU y. 
On the other hand, if y G Di, then we also have 

(6.15) \\T{riy),y) ^ h,{riy))b{riy)))\\ < S. 
Since we always have ||6;(m)|| < 1, it follows that 

(6.16) \\T{'i],y)\\ < h,{r{y)) +26 < h^{r{y)) + - provided G and y G A- 

Next we want to see that has the properties laid out on page[29l Since (|6.11[) 
implies that suppe^ C W and since we chose W C U, condition (a) is clearly 
satisfied. 

On the other hand, if m G -R" and r{x) = u, then 

/ ||e,(,7)||dA^(,7) < / / F{r^,x--f)\\T{7^,x-^)\\dXf\^)d\l{r,) 
Jh JhJg 

which, since F{ri, x • 7) = unless 77 G T4^ and x ■ j ^ Di allows us to use ()6.16p . is 

<(h,iu) + -) [ [ F{r^,x-^)d\f\^)dXij{r}) 
^ Jg Jh 

which, by (|6.13p . is 

< 2(/i,(u) + 

Thus, (b) is verified. 
Similarly, 

/ ei{r))dX'^{ri) - h,{u)bi{u) 
Jh 

^11 F{r^,x--f)T{r^,x-^)d\f\^)dXij{r^)~h,{r{x))hi{T{x)) 
Jh Jg 

< [ [ F{ri,x-^)\\Tiri,x-^)~h,{rix))bi{rix))\\dXf\^)dX^j,{7j) 
Jh Jg 

+ [ [ \F{yi,x-^)-l\dXf\^)dXl{jMbiHx))\\. 
Jh Jg 

Keeping in mind that F{rj,x ■ ^) vanishes off x D^, the first of these integrals is 
bounded by A5 in view of ([eTSll . (|04ll and (|05ll . Using (|6?T2l) and the fact 
that < 1, the second integral is bounded by 5. Our choice of 5 implies 
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that 5(5 < e. Therefore (c) is satisfied, and the proposition follows from Propo- 
sition |6.6 on page 28[ □ 

7. CovARiANT Representations 

A critical ingredient in understanding groupoid crossed products (or groupoid 
C*-algebras for that matter) is Renault's Proposition 4.2 in his 1987 Journal of 
Operator Theory paper [40] (cf., Theorem |7. 8 on page 35p . To appreciate it fully, 
and to make the necessary adjustments to generalize it to crossed products (Theo- 
rem [7?T^^^F^ag£^35]) , we review unitary representations of groupoids. 

Let ^ be a Radon measure on G'-°\ We get a Radon measures v and v ^ on G 
via the equations 

(7.1) i^if)-^ f f f{-f)dX"{j)dfi{u) for / e 'r(G) and 

Jgw Jg 

(7.2) v-\f):= I [ f{^)dXuh)dfi{u) for/G'r(G). 

Jafm Jg 

In the event ly and h'~^ are equivalent measures, we say that /i is quasi-invariant. 
The modular function dv/dv^^ is denoted by A. Thus 

(7.3) / / /(7)A(7)dA„(7)d^(«)= / [ f {^) dX^j) d^i{u) . 
Jgo") Jg Jgw Jg 

Remark 7.1. Of course A is only determined i/-almost everywhere. However, A can 

always be chosen to be a homomorphism from G to the positive reals, R^. The 

details are spelled out in the proof of |27l Theorem 3.15]. The idea is this: Owing to 

[l4l Corollary 3.14] and [39l Proposition 1.3.3], any choice of the Radon-Nikodym 

derivative A is what is called an almost everywhere homomorphism of G into . 

This means that the set of points (71,72) G G'-^-' such that A (71 72) 7^ A (71) A (72) 

is a null set with respect to the measure 

^(2) := / A„ X A",d/i(u). 

Since G is cr-compact, [36l Theorem 5.2] and [38] Theorem 3.2] together imply that 
any almost everywhere homomorphism from G to any analytic groupoid is equal to 
a homomorphism almost everywhere. 

As noted in [271 Remark 3.18], quasi- invariant measures are easy to come by. 
Let fj,o be any probability measure on G*-*^-* and let := /xq o A be as in (|7.ip . 
Then z/g is cr-finite and is equivalent to a probability measure v on G. As show in 
[39l pp. 24-25], /i = Sf,i' (that is, /i(£') = i/(s^^(i?)) is quasi- invariant, and it is 
also equivalent to fiQ if /io was quasi-invariant to begin with. 

Given a quasi-invariant measure, the next step on the way to building unitary 
representations of groupoids is a Borel Hilbert Bundle over a space X. As explained 
in [27], these are nothing more or less than the total space of a direct integral of 
Hilbert spaces a la Dixmier. (See also [ST] p. 264-I-] and ^B] Appendix F]) We start 
with a collection 

■.= {nix)}^ex 

of complex Hilbert spaces. Then the total space is the disjoint union 

X *.jyif :^ {{x,h) : h e Hix)}, 
and we let TT : X * ^ X he the obvious map. 
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Definition 7.2. Let M' = {l-L^x) ^x^x be a family of Hilbert spaces. Then {X * 
tt) is an analytic (standard) Borel Hilbert Bundle MX* M' has an analytic 
(standard) Borel structure such that 

(a) i? is a Borel subset of X if and only if -K^^iE) is Borel in X * , 

(b) there is sequence { /„ } of sections such that 

(i) the maps /„ : X * ^ C are each Borel where 

/„(a;, K) := (/„(a;) | /i), 

(ii) for each n and m, 

a; 1-^ {]n{x) 1 /m(a:)) 

is Borel, and 

(iii) the functions { /„ }, together with vr, separate points of X * . 

Remark 7.3. A section f : X ^ X * is Borel if and only if a; i-^ {f{^) I fn{x)) 
is Borel for all n. In particular, if B{X * ,y/f) is the set of Borel sections and if 
/ S B{X * J^), then x ^-> ||/(a;)|| is Borel. If /x is a measure on X, then the 
quotient {X * J^, /i) of 

C^{X*J^,^l) = { / e B{X*.Jif) : X ^ \\f{x)f is integrable}, 

where functions agreeing /i-almost everywhere are identified, is a Hilbert space with 
the obvious inner product. Thus L'^{X *J^, /i) is nothing more than the associated 
direct integral 

e 

T-C{x) d^{x). 

c 

Definition 7.4. Ii X*J/f is a Borel Hilbert Bundle, then its isomorphism groupoid 
is the groupoid 

Iso(X * ) := { {x, V,y):V& U{n{y),n{x)) } 

with the weakest Borel structure such that 

{x,V,y)^ {Vf{y)\g{x)) 

is Borel for aU f,g e B{X * Jf). 

As a Borel space, Iso(Ar * J/f) is analytic or standard whenever X has the same 
property. 

With the preliminaries in hand, we have the machinery to make the basic defi- 
nition for the analogue of a unitary representation of a group. Note that we must 
fix a Haar system in order to make sense of quasi-invariant measures. 

Definition 7.5. A unitary representation of a groupoid G with Haar system 
{ A" }„g(3(o) is a triple (/x, G^"-* * J^f, L) consisting of a quasi-invariant measure /i 
on G^°-' , a Borel Hilbert bundle G*^°-' * over G*^°-' and a Borel homomorphism 
L:G^ Iso(G(") * Jf) such that 

L(7) = (r(7),L„s(7)). 

Recall that the || ■ ||/-norm was defined at the end of Section 21 
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Proposition 7.6. // G^") * L) is a unitary representation of a locally Haus- 
dorjf, locally compact groupoid G, then we obtain a\\- \\i-norm bounded represen- 
tation of '^{G) on 

H:= r H{u)dn{x) ^ L^{G^-°Kj^,^i), 
Jam 

called the integrated form of {^i^G^^^ *J^,L), determined by 

(7.4) {Lif)h I k)= [ fi^){L^{his{^))) I A;(r(7)))A(7)-^ diy{^). 

JG 

Remark 7.7. Equation (17. 4p is convenient as it avoids dealing with vector- valued 
integration. However, it is sometimes more convenient in computations to realize 
that (|7.4p is equivalent to 

(7.5) L{f)h{u)^ f /(7)L^(M5(7))A(7)-^dA"(7). 

JG 

These sorts of vector- valued integrals are discussed in PBI, §1.5]. In any event, 
showing that L is a homomorphism oi'-^{G) into B{H) is fairly straightforward and 
requires only that we recall that A is a homomorphism (at least almost everywhere). 
The quasi-invariance, in the form of A, is used to show that L is *-preserving. These 
assertions will follow from the more general results for covariant representations 
proved in Proposition |7. 11 on page 37| 

We turn our attention now to the principal result in the theory: [40[ Proposi- 
tion 4.2]. A proof in the Hausdorff case is given in 27]. This result provides very 
general conditions under which a representation of a groupoid C*-algebra is the 
integrated form of a unitary representation of the groupoid. In fact, it covers rep- 
resentations of "^^{G) acting on pre-Hilbert spaces. A complete proof will be given 
in Appendix |B1 but for the remainder of this section, we will show how it may be 
extended to representations of groupoid crossed products ^^(G; r*£/) in the setting 
of not-necessarily- Hausdorff locally compact groupoids acting on upper-semicontin- 
uous-G*-bundles (see Theorem |7.12 on page 38] ). 

Theorem 7.8 (Renault's Proposition 4.2). Suppose that TCq is a dense subspace of 
a complex Hilbert space Ti. Let L be a homomorphism from "^(G) into the algebra 
of linear maps on Tia .such that 

(a) { L{f)h : f e '^{G) and h G Ho } is dense in H, 

(b) for each h,k ^ Ho, 

f ^ {L{f)h I k) 

is continuous in the inductive limit topology on '^{G) and 

(c) for f G '^{G) and h,k £ Ho we have 

{L{f)h\k) = {h\L{f*)k). 

Then each L{f) is bounded and extends to an operator L{f) on H of norm at most 
]]/]]/. Furthermore, L is a representation of "^(G) on H and there is a unitary 
representation (/^,G*^°-' * J^,U) of G such that H = L^(G*^°'' * -^^,11) and L is 
(equivalent to) the integrated form of (/it, G*-"-* * Jf, U). 
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Returning to the situation where we have a covariant system (^,G,a), let 
{fi, G'-^-' * ,J>^, U) be a unitary representation and let 

H{u)d^ji{u) = L^{G^°K^,^i) 

Jg(0) 

be the associated Hilbcrt space. Recall that D £ B{H) is called diagonal if there 
is a bounded Borel function ip g L°°{fi) such that D ~ L^, where by definition 

L^h{u) = ip{u)h{u). 

The set of diagonal operators V is an abelian von-Neumann subalgebra of B{Ti). 
The general theory of direct integrals is based on the following basic observations 
(see for example [46 , Appendix F]). An operator T belongs to V if and only if there 
are operators T{u) G B{H{u)) such that 

Th{u) = T{u){h{u)) 

for /i-almost every u e G^^^ 146» Theorem F.21]. Moreover, if A := To{G'-°^ ; 
and if M : A ^ B{7i) is a representation such that M{A) C V , then there are 
representations Af„ : A — > B{J-L{u)) such that 

(7.6) M{a)h{u) = Mu{a){h{u)) for ^-almost all u. 

Of course, the Mu are only determined up to a /i-nuU set, and it is customary to 
write 

M = Mudfi{u). 
Jam 

An important example for the current discussion occurs when we are given a 
Go(G(''))-linear representation M : A ^ B{L^{G^°'> * Jf,^)): that is, 

(7.7) M{ip-a) = L^M{a). 

Then it is easy to see that M{A) C V . In addition, it is not hard to see that (|7.7|) 
implies that for each u, kerM„ D where /„ is the ideal of sections in A vanishing 
at u. In particular, we can view Mu as a representation of the fibre A{u). Thus 
(17. 6p becomes 

(7.8) M{a)h{u) = Mu {a{u)) {h{u)) . 

The remainder of this section is devoted to modifying the discussion contained 
in [40] to cover the setting of upper-semicontinuous-Banach bundles. Although this 
is straightforward, we sketch the details for convenience. 

Definition 7.9. A covariant representation {M,^,G^^^ *J^,U) of (jz/, G,a) con- 
sists of a unitary representation (/x, G*^"^ * Jf,U) and a Go(G*^°-')-linear represen- 
tation M : A ^ B{^L?{G^^^ * Jf,fi)) decomposing as in (|7.8p such that there is a 
z^-nuU set N such that for all j ^ N, 

(7.9) U^M,(^^){h) = Mr(^){a^{b))U^ for all h e ^(5(7)). 

Remark 7.10. Suppose that (M, /x, G*^"^ * J^,U) is a covariant representation of 
(^, G, a) as above. Then by definition, the set S of 7 e G such that (17. 9p holds 
in z^-conuU. Since U and a are bona fide homomorphisms, it is not hard to see 
that S is closed under multiplication. By a result of Ramsay's ( j361 Lemma 5.2] or 
|27[ Lemma 4.9]), there is a /i- conuU set V C G(°) such that G| 
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Proposition 7.11. // {M,fi,G'-°^ * J^,U) is a covariant representation of 
(j2/, G, a), then there is a \\ ■ \\i-norm decreasing * -representation R of '^{G]r* si^) 
given by 

(7.10) {Rif)h \k)^ f (A4(^)(/(7))[/,/.(s(7)) 1 fc(r(7)))A(7)-^ d^T) 

Jg 

or 

(7.11) R{f)h{u)= I M„(/(7))[/Xs(7))A(7)-^dA"(7). 

JG 

Proof. Clearly, ()7.10p and (j7.11|) define the same operator. Using (|7.10|) . the quasi- 
invariance of /i and the usual Cauchy-Schwartz inequality in L^(v) we have 

\{R{f)h\k)\< [ ||/(7)||||/i(K7))lll|fc(r(7))||A(7)-^d^(7) 
Jg 

< (/ ||/(7)llllMK7))fA(7)-'rfK7))' 

(/^ll/(7)lll|fc(K7))f M7))' 

< (ll/ll/||/»lP)'(ll/ll/|l^-f)' 

= ll/ll/||/^lll|fc||- 

Therefore R is bounded as claimed. 

To see that R is multiplicative, we invoke Remark ] 7. 10 on the preceding page] to 
find /i-conuU set V C G^°^ such that holds for aU 7 e G\v- Then ifueV, we 
have 

Rif * g){h){u) = [ M„(/*5(7))[/^/i(s(7))A(7)-5dA"(7) 
Jg 

^11 M„(/(^)a,(g(?7-S)))C/7/^(s(7))A(7)-^dA"(77)dA"(7) 
Jg Jg 

= / M4/(ry)) / M„(«,(g(77-i7)))C/Xs(7))A(7)-^dA"(7)dA"(r,) 
Jg Jg 

= / M„(/(77)) / M„(a,(5(7)))C/,Xs(7))A(777)-5dA^W(7)dA"(»?) 
Jg Jg 

Now since !7^-y = Uj^Uj, A (777) = A(?7)A(7) and since 

because m G F, we have 

= ^ M„ (/(r;)) {/, M„ (5(7)) C/^/i(s(7)) A(7)- ^ dA^('') (7)) A(,7)- 3 dA" (7?) 

= / M^{firj))U,R{g)h{sirj))Aifj)-Ur{v) 
Jg 

= R{f)R{g)h{u). 
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We also have to see that R is ^-preserving. This wih require the quasi- invar iance 
of /i. 

{RiDh \k)= [ {NU^^){ni))U^h{s{^)) I fc(r(7)))A(7)-^dz.(7) 

JG 

= / (M,(^)a^(/(7))*C/^/i(s(7)) |fc(r(7)))A(7)-^dK7) 

JG 

which, since A(7)^5 di'{'y) is invariant under inversion, is 

= / (M,(,)(a;i(/(7)))*C/;/i(r(7)) |fc(.(7)))A(7)-^rfK7) 

JG 

Now 

C/^M,(^)(a;i(a(r(7)))) = M,(^) (a(r(7))) [/^ 
for zz-ahnost all 7. Thus 

= / (/i(r(7)) I Af,(^)(/(7))C/^fc(s(7)))A(7)-^dK7) 

^{h\R{f)k) a 

The previous result admits a strong converse in the spirit of Renault's Theo- 
rein |7.8 on page 35[ The extra generality will be used in the proof of the equivalence 
theorem (Theorem |5.5 on page 20[ ). 

Theorem 7.12 ([40' Lemme 4.6]). Suppose that Ti.Q is a dense subspace of a com- 
plex Hubert space H and that n is a homomorphism from '^(G] r* s^) to the algebra 
linear operators on TLq such that 

(a) span{ 7r(/)/i : / e ?#(G; r*j2/) and h G Ho } is dense in Ti, 

(b) for each h,k £ Ho, 

f ^ {'K{f)h I k) 

is continuous in the inductive limit topology. 

(c) for each f G ^(G; rW) and all h,k(EHo 

{^{f)h\k) = {h\^{f*)k). 

Then each n{f) is bounded and extends to a bounded operator !!(/) on H such that 
n is a representation of 'S{G]r* si/) satisfying ||n(/)|| < ||/||/. Furthermore, there 
is a covariant representation (M, /i, G*-"-* * J^tf , L) such that 11 is equivalent to the 
corresponding integrated form. 

Proof. Let Hoo = span{7r(/)/i : / € ^(G;rW) and h&Ha}- The first order of 
business is to define actions of '^{G) and A ro(G(°); ^) on Hoo- G '^(G), 
a £ A and / G ?#(G; r*^/), then we define elements of 5^(G; r* as follows: 

(7.12) ^•/(7):- / ^{r^)ar,{f{ri-^l))dy'^^\r,), 

JG 

(7.13) a-/(7) :=a(K7))/(7) and 

(7.14) /•a(7) :=/(7)a^(a(s(7))). 

Note that ii Lpi and fi—^fin the inductive limit topology then ft ■ fi ^ (p ■ f 
in the inductive limit topology. 
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Suppose that 



in Hoo- As a special case of Proposition |6. 8 on page '2^ we know that there is an 
approximate identity { ej } in ^(G; r*^) for the inductive hmit topology. Thus we 
have 



^tt{(P ■ ft)h^ = lim^7r((^ • (e^ * 

i i 

= Iim7r(v3 • ei)fy^7r(/t)fe, 



= 

Therefore we can define a linear operator L{ip) on TCqq by 

i(^)7r(/)/i ^(^ • 

It is fairly straightforward to check that L satisfies (a), (b) & (c) of Theo- 
rem |7.8 on page 35[ Thus Renault's Proposition 4.2 (Theorem |7.8 on page 35[ ) 
applies and there is a unitary representation {fi, G*^"^ * L) of G such that 
Ti. = L'^(G^°^ * J^,fJ.) and such that the original map L is the integrated form of 
(a*,G(°U Jf,L). 

^ The action of A = To{G^'^'>; .s/) on ^(G; rW) given by ([71^ easily extends to 
A. Since A is a unital G*-algebra, 

(7.15) k:^{\\a\\HA~a*a)-^ 

is an element of A for all a £ A. Since it is easy to check that 

{7T{a-f)h\7r{g)h)^{h\7r{{a-fr*g)k) 

^{'K{f)h\iT{a* ■g)k), 

we can use (|7.15p to show that 
It follows that 

M{a)'K{f)h := ^{a ■ f)h 
defines a bounded operator on Tioo which extends to a bounded operator Af(a) 
on n with ||M(a)|| < ||a||. In particular, M : A ^ B{n) is a Go(G(°))-linear 
representation of A on 7i. Therefore M decomposes as in (17.81) . 

If (/3 e "if (G) and a G A, then we define two different elements of ?#(G; r*^) by 

a 93(7) = a(r(7))i^(7) and 1^9 0(7) = i^(7)a^ (0(3(7))) . 
If 5 e ^(G;rW), then 



(a ® (/?) * 5(7) = / a{r{T]))ifi{r])a,^{g{r] ^j)) dX^'^^^r]) 
Jg 

= a(r(7)) / ipirj)a^{gir'^)) dX<^\r,) 



Thus 
(7.16) 



7r((a (g) (/3) =1= g) = M{a)L{ip)Tr{g). 
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And a similar computation shows that 

(7.17) n{ip^a) ^ L{Lp)M{a). 
We conclude that for h,k ^ Hao, 

(7r(a (g) ip)h I k) = {M{a)L{(p)h \ k) 

G 

(7.18) = / (Af,(^)(a0^(7))[/^(/i(s(7))) I fc(r(7)))A(7)-5dz.(7). 



Similarly, 
{Tr{(p (g) a)h I k) = {L{ip)M{a)H \ k) 

(7.19) = / <^(7)(C/^M.(^)(a(s(7)))(/i(s(7))) |fc(r(7)))A(7)~^dz.(7) 



Since span{ a®ip}\s dense in ^(G; rW), (fTT^ must hold for aU / e ^(G; rW). 
In particular, it must hold for / = ® a, and (|7.19p must coincide with 

(^(7)(M,(^)(«^(a(s(7))))C/^(/i(s(7))) I k{r{^)))A{^)-Uv{^) 

for aU a G A and Lp G "if (G). 
For each a € A, let 

(7.20) 1/(7) := f/^M,(^)(a(s(7))) -M,(^)(a^(a(5(7))))[/^. 

Then 

(p(7)(V^(7)/i(5(7) I /c(r(7)))A(7)-5 ^^.(7) = 



for all h,ke L^{G^°Uj^, fi) and ip G ■^(G). In particular, for each h,ke L^{G^^°^ * 
/i), there is a j/-null set N{h, k) such that 7 ^ -/V(/i, k) implies that 

(7.21) (F(7)/i(s(7)) |fc(r(7)))-0. 

Since L?{G^^'^ * M' ^ /i) is separable, there is a z^-nuU set N such that ^ ^ N implies 
(|7.2ip holds for all h and k. In other works, 1^(7) = for :^-almost all 7. 
Therefore there is a i/-null set N{a) such that -f ^ N{a) implies that 

(7.22) f/^M,(^)(a(s(7))) =Af,(^)(a^(a(s(7))));7^. 

Since A is separable, and a 1— > a(u) is a surjective homomorphism of A onto A(u), 
there is a i/-null set such that (|7.22|) holds for all a G A and 7 ^ iV. 

It follows that {M, V, G*^°^ * M', L) is covariant and that tt is the restriction of its 
integrated form to Tioo- The rest is easy. □ 



8. Proof of the Equivalence Theorem 

The discussion to this point provides us with the main tools we need to complete 
the proof of Theorem |5.5 on page 20[ Another key observation is that the inner 
products and actions are continuous with respect to the inductive limit topology. 
Since this is slightly more complicated in the not necessarily Hausdorff setting, we 
include a statement and proof for convenience. 
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Lemma 8.1. The actions and inner products on the pre-J^ XI/3 H - £/ xIq. G-im- 
primitivity bimodule Xq := 'S{X]S') of Theorem 1 5. 51 are continuous in the inductive 
limit topology. In particular, if Vi ^ v and Wi ^ w in the inductive limit topology 
on '^{X] S) and if fi ^ f in the inductive limit topology on 'S{H\ r* SS), then 

(a) fi-Wi^f-win the inductive limit topology on '^{X] S) and 

(b) ((wi , Vij)^ ^ ~* ((w J v))^ ^ in the inductive limit topology on'^(G\r* si\ 

Proof. By symmetry, it suffices to just check (a) and (b). Let K^, and Kf be 
compact sets such that v{x) = if x ^ K^, w{x) = if a; ^ and f{ri) = if 
77 ^ Kf. Then / • w{x) = if a; ^ Kf ■ K^. Using Lemma [5.2 on page 20[ we see 
that ||ryu;(a;)|| = ||w(a;)||, and thus ||/-u;||oc < ||/||oo IkHoo sup„g^(o) X%{Kf). Now 
estabhshing (a) is straightforward. 

To prove (b) , notice that as in Lemma |2.20 on page 11] there is a continuous 
map a : X *r X G which induces a homcomorphism of H\X *r X onto G such 
that X ■ a(x,y) — y. (In particular, u{y ■ 7^^,?/) — 7-) Thus KrCr{Kw *r Ky) is 
compact and {{w , vj)^ ^(7) = if 7 ^ Kj.. Also, there is a compact set Ki such 

that sx{Ki) = SQ{Kr). Thus if the integral in (|5.4p is nonzero, we can assume 
that y G Ki. Since the i/-action is proper, 

A'o := { ^ e : 77 • n ^ } 

is compact. Since the G-action on co is isometric, , w})^ ^jjoo < 

llw^lloollwlloo sup„gj:^(o) X^{Kq), and the rest is straightforward. □ 

We have already observed in Remark |5.7 on page 21| that (I5.1|) - ()5.4p are well- 
defined and take values in the appropriate functions spaces. To complete the proof, 
we are going to apply [35l Definition 3.9]. We have also already checked the required 
algebraic identities in parts (a) and (d) of that Definition. All that remains in order 
to verify (a) is to show that inner products are positive. This and the density of the 
range of the inner products (a.k.a. part (b)) follow from Proposition |6.8 on page 2"9l 
Lemma |8. II and symmetry by standard means (cf., e.g., \A&, p. 115+], or [41^ or the 
discussion following Lemma 2 in [13 ). 

To establish the boundedness of the inner products, we need to verify that 

(8.1) «/-^'/-^)l.„o^ ll^ll^-^^^^^'^t.^o ^^^^ 

(8-2) ((z-5,^-5)> < llffll^.^G.,, >,4- 

By symmetry, it is enough to prove (|8.ip . 
But if p is a state on jz/ xIq G, then 

makes "^{X; S") a pre-Hilbert space. Let Hq be the dense image of ^#(A'; S') in the 
Hilbert space completion Hp. The left action of r*jj,'^) on '^{X: S) gives a 

homomorphism tt of ^^(iJ; r'^3§) C >ip H into the linear operators on Ho. We 
want to check that the requirements (a)-(c) of Theorem 17.121 are satisfied. 

Notice that if gi g in the inductive limit topology on ?^(G; r*j2/), then \\gi — 
g\\i and gi ^ g in the G*-norm. Thus, p{gi) pid)- fi ^ f in the inductive 
limit topology on '^^ (H ; r* , then Lemma [8.11 implies that {{fi ■ w , v))^ ^ 

{{f ■ w , v))^ ^ in the inductive limit topology. Therefore (7r(/i)w | w)^ — > (7r(/)u | 

w) . This establishes requirement (b) of Theorem 15.51 Requirement (a) follows 
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in a similar way using the approximate identity for '^{H]r* S§) as constructed in 
Proposition |6.8 on page 2"9l To sec that (c) holds, we just need to observe that 

(8.3) = 

We could verify (|8.3p directly via a complicated computation. However, notice 
that (|8.3p holds for all / in the span of the left inner product as in the proof of 
[35t Lemma 3.7]. However, Proposition 16.81 implies that given any / e '^{H\r*S§), 
there is a net { } in the span of the inner product such that fi^f (and therefore 
/* /*) in the inductive limit topology. Then by Lemma [STTl 

((./ • W , f K ^ = • ^ ' ""L " ^™(("^ ' ■ ""L r. " ' ^* ""^y. r.- 

Since the requirements of Theorem l7.12l are satisfied, it follows that tt is bounded 
with respect to the C*-norm on 'i^{H; r'^^). In particular, 

- - / -t. J < 11/11 . J- 

As this holds for all p, (|8.ip follows, and this completes the proof. 

9. Applications 

The equivalence theorem is a powerful tool, and we plan to make considerable 
use of it in a subsequent paper on the equivariant Brauer semigroup of a groupoid, 
extending the results in [19' to the groupoid setting. Here we want to remark that 
a number of the constructions and results in 23J can be succinctly described in 
terms of equivalences and the equivalence theorem. 

9.1. Morita Equivalent Actions. Our first application, which asserts that 
Morita equivalent dynamical systems induce Morita equivalent crossed products, 
is the natural generalization to the setting of groupoids of the main results in [8] 
and [3]. The key definition is lifted directly from [531 Definition 3.1]; the only 
difference is that we allow the weaker notion of Banach bundle and dynamical 
system. 

Definition 9.1. Let G be a locally Hausdorff, locally compact groupoid and sup- 
pose that G acts on two upper-semicontinuous-C*-bundles over G'-°\ ^ and ^. 
Then the two dynamical systems (^, G, a) and (^, G, a) are called Morita equiv- 
alent if there is an - ^-imprimitivity bimodule bimodule ^ over see Ex- 
ample [5TTT|o^^ag£^24]) , and a G-action on ^ such that x t-^ ^7(2;) := 7 ■ a; is an 
isomorphism and such that 

JV^{x) ,V^{y)) ^ a^{Jx ,y)) and {V^{x) , V^{y))^^ ^ f3^{Jx , y)) . 

We considered the equivalence relation of Morita equivalence of dynamical sys- 
tems in |23j . However, we did not consider the corresponding crossed products. 
But in the situation of Definition 19.11 there is an equivalence between (jz/, G, a) 
and (^, G, (3). Then Theorem |5. 5 on page 20| implies that the crossed products are 
Morita equivalent and provides a concrete imprimitivity bimodule. This generalizes 
[HIH]. It is instructive to work out the details. We let 

^:=r*a^ = G*^ = {{j,x): s{j) = } 

with pg given by (7, x) i— > 7, and we view G as a (G, G)-equivalence. Note that £'x is 
naturally identified with X(r(7)) , which is given to bea A(r(7))-B(r(7)) -imprim- 
itivity bimodule. However, is an isomorphism of B(^r{'j)) onto -6(3(7)), and 
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SO we obtain a ^(r(7)) - i?(s(7))-iniprimitivity bimodule via composition. Thus 
we have 

J\il^^) ' il^v)) — 1 y) ((7, a;) , (7,y))^ , y)J 

a - (7,2;) := (7,0-2;) {7,2;) ■b:= (7, x • . 

We define commuting G-actions on the right and the left by 

cr • (7,x) := (0-7, Vff(a;)) and (7, x) • (70-, x). 

Recall Definition |5.1 on page 19[ Clearly continuity and equivariance are satis- 
fied. For compatibility, we check: 

Ja-(7,x),a-(7,y))= jK(2;),K(y)) 

= "7(^(7,2:) , (7,?/))), 

while 

((7, a;) • cr , (7,y) • o-)^^ ^^-17-1(2;) , V^-i^-i{y)) 

=./3-i(((7,x),(7,2;))J. 
There are equally exciting computations involving the actions: 
cr • (a • (7, a;)) = cr • (7,0 • x) 

= (0-7, Va{a ■ x)) 

= (0-7, acr(a) • V„{x)) 

= a^{a) ■ (cr • (7, a;)), 

while 

((7,2:) • 6) • cr = (7,x • I3^{b)) ■ cr 
= {ic^^x ■ [3^{b)) 

= {{j,x)-a)-f3-\b). 

We also have to check invariance: 

cr • ((7,0;) • fe) = cr • (7,x • Pj{b)) 

= {aj,V4x-(3^{b))) 
= {aj,V^{x) ■ (3,^{b)) 
= {a^,V^{x))-b 
= (o- • (7,2;)) • 6, 



while 



a ■ ((7,0;) • cr) a ■ (7cr,x) 

= (7cr,a • 2;) 
= (7,a • a;) • cr 

= (« • (7,2;)) • cr. 
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Thus is a (^s^, G, a) - [SS^ G, /3) -equivalence and xi^ G is Morita equivalent 
to ^ xi/3 G via the completion of the pre-imprimitivity bimodule Xq = 'SiG'^S). 
Of course, each section of S is of the form 2(7) = (7,2(7)) where i : G — > .^F' is 
a continuous function satisfying the appropriate properties. Naturally, we want to 
identify Xq with these functions. Then the appropriate inner products and actions 
are given by 



(9.1) ^^Jz , w)m = \ Jz{^^) , K,(^.(7))) dX<^\j) 

(9.2) / • ^(7) = / /(^y) • V„ {z{^-'j)) dA'-(^) (Ty) 



(9.3) {{z , w)l^^Jj) - Jj^{{z{7^-') , i«(??-S))^) dA'-(^)(r;) and 

(9.4) z • g{v) = z(7) ■ /3,(ff(7-S)) d\^^^\j). 
These equations are verified as follows: for (|9.ip . we have 

_ Jz , wUv) - / Jz(,77) , • u;(7)) dA^("'(7) 

^((r77,z(,77)) , (7^7, K,(zi)(7)))) dA^('')(7) 

{-z{r^^),V,{wil)))dX'^^Hj). 



And 

/•^(7)- / /(ry) -(r;- 2(77-17)) dA'^('^) (,7) 



J{v)-h,V„{ziv-'l)))dX''^^\v) 

{lJ{v)-Vr,{z{r'l)))dy^''\r^) 
gives (|9.2p . Equations (|9.3p and (|9.4p follow from similar computations. 



9.2. Equivalence and the Basic Construction. In [23], we introduced the 
Brauer Group Br(G) of a groupoid second countable locally compact HausdorfF 
groupoid. One of the basic results is that if X is a {H, G)-equivalence, then there 
is a natural isomorphism if-^ of Br(G) onto Br(_ff). The map ip-^ is defined via 
the "basic construction" which associates a dynamical system (^"^, i?, a"^) to any 
given dynamical system (jz/, G, a) [SS", Proposition 2.15]. (In fSS', we worked with 
G*-bundles rather than upper-semicontinuous-G*-bundles, but the construction is 
easily modified to handle the more general bundles we are working with in this 
paper.) We briefiy recall the details. The pull-back 

s*x£/ — {{x,a) ^ X X Si/ : sx{x) ~ p{a) } 

is a right G-space: 

{x,a) • 7 = (a; • , a':^^ [a)) . 

Using the proof of [23j Proposition 2.5], we can show that the quotient s^-^ := 
s*x^ /G is an upper-semicontinuous-G*-bundle. If we denote the image of (x,a) in 
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s^-^ by [x, a], then the action of H is given by 

{t\)\x^ a] :— [?7 • x, a]. 

Our goal in this section is the use the equivalence theorem to see that si xIq, G is 
Morita equivalent to s^-^ yi^x H {and to exhibit the equivalence bimodule). As a 
special case, we see that the isomorphism ip''^ : Br(G) Br(_ff) induces a Morita 
equivalences of the corresponding dynamical systems. 
Here we let 

(9.5) S" — s*xsi = { (x, a) : s(x) — Pst/{a) }. 

Then S'x is easily identified with A(s(x)), and we give it an j4'^(r(x)) - A(s(x))- 
imprimitivity bimodule structure as follows. First, since x is given, it is not hard 
to identify 

(9.6) A^'irix)) ={[x-7,a] :s(7)=p^(a)} 

with A(s{x)) via [x -7,0] a^(a). Then the imprimitivity bimodule structure is 
just the usual Aisix))M<^)) Aisi^)) o^^. Thus 

a) ' ^)) ■= i^' a^l ii^' a) ' i^' ^))^ 

[x •7,6]- (x, a) := (x, a^{b)aj (x, a) ■ b := (x, a6). 

The -ff- and G-actions on S' are given by 

1] ■ {x,a) :— [t] ■ x,a) and (x, a) • 7 := (x • 7, a~^(a)) . 

It remains to check conditions (tlj)-([d| of Definition |5.1 on page 19[ We start 
with continuity. Clearly the maps S" * S' ^ s/^ , S' * S' s/ and S' * jz/ S" 
are continuous. Showing that s/'^ * ^ S' is continuous requires a little fussing. 
Suppose that {xi,ai) (xo,ao) in while [yi,bi] — > [yoi^o] in with Xi ■ G — 
Hi ■ G for all i. We need to see that [yi,bi\ ■ (x,;, a,;) [j/oj^o] ■ (^^ojO-o). It will 
suffice to see that a subnet has this propertvri Also, we may as well let yi = Xi 
for all i. Then we can pass to a subnet, and relabel, so that there are 7^ such 
that {xi ■ ^iTa~^{bi)) — > (xo,6o). Since Xi — s- xq and since the G-action on X is 
proper, we can pass to another subnet, relabel, and assume that 7^ — > s(xo). Thus 
bi = a^. o a~^{bi) bg and 

[xi,bi] ■ ixi,ai) = {xi.b^ai) (xo,6oao) 

as required. 

Equivariance is clear and invariance follows from some unexciting computations. 
For example, 

[x, b] ■ ((x, a) • 7) = [x, 6] • (x • 7, a~'^{a)) 

= ■ 7,q;^-i(6)] ■ (x ■ 7,a~^(a)) 
= {x ■ j,a:^'^{ba)) 
= ([x,5] • (s,a)) • 7. 



''To show that a given net {xi} converges to x, it suffices to see that every subnet has a 
subnet converging to x. In the case here, we can simply begin by replacing the given net with a 
subnet and then relabeling. Then it does suffice to find a convergent subnet. 



46 



PAUL S. MUHLY AND DANA P. WILLIAMS 



To check compatibility, notice that 

^xi'n -{x^a) ,-q- (x, h)) ^[rj-x, ah*] 

Similarly, 

((x,a) - 7 , {x,h) -7)^ = a-^{{{x,a) , {x,b))J. 

The fact that the actions are compatible are easy, but we remark that it also follows 
from invariance and Lemma |5. 2 on page 20[ 

' (^xi^ , w) ■ v) = 1] ■ {z ■ (w , v) J 

= {i] ■ z) ■ {{f] ■ w ,f] ■ v)J 

= ^xiV ■ Z ,7]- W) ■ {ij ■ V) 

The fullness of the inner products gives 

77 • (a • u) = a^{a) ■ (77 • v). 

Before writing down the corresponding pre-imprimitivity bimodule structure on 
'^^{H; r*fjj^-^), a few comments about the nature of sections of r*ijj^-^ will be help- 
ful. First recall that s^-^ = X * /G and that we can identify H with X * X/G 
via 77 > [?7 • cCjX] (with any x £ r~^[s{x)')). Thus 

r*fj£^^ — { ([x, y], [z, a]) : x ■ G = z ■ G and s{z) — Pig{a) }. 

If X * X * = { (a;, y, a) : s{x) = s{y) = p^(a) }, then X*X* jG = s/^*^ is a 
C*-bundle over H which is isomorphic to r'^£/'^ . Consequently, / G '^{H; r'^s/'^) 
must be of the form 

f{[x,y]) = {[x,y],[x,y,f{x,y)]) 

for a function / : X*X £/ such that {f{x, y)) = s{x), such that f{x-j, y-j) = 
a^^ { f{x, y)) and such that supp //G is compact. In fact, / must also be continuous. 
Let {xi,yi) {x,y) va X * X. Again, it will be enough to see that f{xi,yi) has 
a subnet converging to f{x,y). Since [xi,yi, f{xi,yi)] —>■ [x,y, f{x,y)], we can 
pass to a subnet, relabel, and find 7.; such that (z^ • ji,yi ■ ji,a~^^(^f{xi,yi)^^ 
(x, y, f{x, y)) . Since the G-action is proper, we can pass to another subnet, relabel, 
and assume that 7^ —>■ s{x). It follows that f{xi, yi) f{x, y) as required. Thus we 
will often identify / and /. Moreover, we will view si^-^ yi^x H as the completion 
of the set Ca{X * X; £/) of functions with the above properties. 

If z £ Xq := '^{X; s'^^/), then z(x) — {x,z{x)) for some continuous function 
z : G ^ £/ such that Pj^(z(cc)) = s{x). Consequently, 

^x^ ^Jiz :W)){ri) ^ l^^{z{r]-x--f),ri-w{x--f))dX''(i"'\j) 
[11 ■ X ■ 7, z{rj ■ X ■ ^)'w{x ■ 7)*] dAg^'' (7) 
/ [n-x, a:^^ {z(-q ■x--i)w(x- 7)*) dA^^"'^ (7). 

JG 
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Thus identifying z and i, we have 

(9.7) iz,w)){x,y)^ \ oq\z(x-^)w{y^r)d\%'^^\^) 

as a function on X * X. To work out the left-action of / G Cot{X * X\ sz/), notice 
that 

f-z{x)= [ firj)-{rj-z{7r'-x))dy^^\7j) 

JH 

= -[re. =(,-'. 1)1 <iA'*'(,) 

JH 

= / [2^,/(a:^,'7~^ ■a;)z(?7~^ ■a;)]dA^^^(7y). 

JH 

Thus, after identifications, the correct formula is 

(9.8) f-z{x)= f f{x,rj-^ ■x)z(7j-^ ■x)dX'j^''\r^). 

JH 

Similar, but less involved, considerations show that 

(9.9) ((.,.)) (.,.., )^ / .(,-..)*«,(.(,-..., ))dA^^^)(,) and 

(9.10) z ■ g{x) = / a-,{z{x ■ 7) • g{i-')) d\f \^). 

JG 

Appendix A. Radon Measures 

In the proof of the disintegration theorem, we will need some facts about com- 
plex Radon measures and "Radon" measures on locally Hausdorff, locally compact 
spaces that are a bit beyond the standard measure theory courses we all teach — 
although much of what we need in the Hausdorff case can be found in authorities 
like [Til Chap. 4]. (In particular, complex Radon measures are defined in pTl] Defi- 
nition 4.3.1], and in the Hausdorff case, the Radon-Nikodym Theorem we need can 
be sorted out from 11, §§4.15.7-9].) 

A.l. Radon Measures: The Hausdorflf Case. To start with, let X be a locally 
compact Hausdorff space. For simplicity, we will assume that X is second count- 
able. A (positive) Radon measure on X is a regular Borel measure associated to a 
positive linear functional /i : Cc{X) — > C via the Riesz Representation Theorem. It 
is standard practice amongst the cognoscenti to identify the measure and the linear 
functional, and we will do so here — cognoscente or not. Additionally, we don't 
add the adjective "positive" unless we're trying to be pedantic. Notice that if is 
a Radon measure on A", then /i : Cc{X) ^ C is continuous in the inductive limit 
topology. Thus we define a complex Radon measure on A to be a linear functional 
v : Cc{X) C which is continuous in the inductive limit topologvFl If v is actu- 
ally bounded with respect to the supremum norm on Cc(A), so that v extends to a 
bounded linear functional on Co (A), then v is naturally associated to a bona fide 
complex measure on A (whose total variation norm coincides with the norm of v 



As we shall see in the next paragraph, a complex Radon measure must be relatively bounded. 
Hence, if X is compact, then u is always bounded as a linear functional on C(X), and we're back 
in the standard textbooks. 
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as a linear functional) [42l Theorem 6.19]. However, in general, a complex Radon 
measure need not be bounded. Nevertheless, we want to associate a measure of 
sorts (that is, a set function) to v. The problem is that for complex measures, it 
doesn't make sense to talk about sets of infinite measure so we can't expect to get 
a set function defined on unbounded sets in the general case. 

Let </? = Re the real linear functional on Cc{X) (viewed as a real vector space). 
Fix / e C+(X) and consider 

(A.l) {^(5)eR:|5l</}. 

If (jA.ip were not bounded, then we could find g„ such that \gn\ < ^/ and such 
that |<(5(5ri)l ^ This gives us a contradiction since (7„ — > in the inductive limit 
topology. Consequently, ip is relatively bounded as defined in [151 Definition B.31], 
and 15, Theorem B.36] implies that ip — fj.i — 112 where each is a positive linear 
functional on Cc{X); that is, each /i^ is a Radon measure. Applying the same 
analysis to the complex part of we find that there are Radon measures such 
that I' = Hi — + ii^J'3 — ^4)1 Eind for each / G Cc(Ar), we have 

(A.2) K/)= / f{x)dfii{x)- [ f{x)dii2(x) 
Jx Jx 

+ i f{x)dfj,3{x) - i f{x)diii{x). 
Jx Jx 

Although in general the will not be finite measures — so that it makes no sense 
to talk about /^i — /i2 + *(M3 ^ l^i) a complex measure on X — we nevertheless 
want a "measure theory" associated to ly. (Since we are assuming that X is second 
countable. Radon measures are necessarily cr-finite.) In particular, we can define 
fJ-o ^J■l + ^J■2 + ^J■3 + ^^4■ Then fii ^ ^ for all i and there are Borel functions 
hi : X ^ [0, 00) such that — hi^. Since the hi are finite-valued, we can define a 
C-valued Borel function hy h — hi — h2 + ih^ — ih^. For each / G Cc{X), we have 

I'if) = I fix)h{x)dHoix). 

JX 

We can write h(x) — p{x)p{x) for a nonnegative Borel function p and a unimodular 
Borel function p. Replacing pfiQ by fi, we then have 

(A.3) u{f)= I f(x)p{x)dfi(x) for all / e C,(X). 

Jx 

If, for example, X is compact, then it is well-known that the measure ^ appearing 
in (jA.3[) is unique, and that p is determined /x-almost everywhere. If X is second 
countable, and therefore cr-compact, then we see that p and p satisfy the same 
uniqueness conditions. As in the compact case, we will write \v\ for p and call 
the total variation of i^. 

Since Radon measures are finite on compact subsets, we can certainly make 
perfectly good sense out of i^{f) for any / £ l3c{X) — that is, for any bounded 
Borel function / which vanishes outside a compact set — simply by using (jA.3p . 
(In fact, we can make sense out of i^(/) whenever / G £^(|i^|).) In particular, if B 
is a pre-compaclF^ Borel set in X, then we will happily write v^B) for v{1b)- We 



We say that a set is pre-compact if it is contained in a compact subset. Alternatively, if X 
is Hausdorff, B is pre-compact if its closure is compact. 
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say that a Borel set (possibly not pre-compact) is locally v-null if v{B n K) — for 
all compact sets K G X. 

We will also need a version of the Radon-Nikodym Theorem for our complex 
Radon measures. Specifically, we suppose that /i is a Radon measure and that v 
is a complex Radon measure such that v ^ — that is, /i(-B) = implies B is 
locally t/-null. li v <^ ^ and if /i(-E) = 0, then for each Borel set F C E, we have 

/ p(x)d\iy\(x)=0. 
Jf 

It follows that p(x) = for |z^|-almost all x E E. Since \p{x)\ = 1 7^ for all x, we 
must have \v\{E) = 0. That is ^ /i if and only if ji^l <C /i. Therefore there is a 
Borel function ip : X —^ [0, 00) such that 

^if)^ f{x)p{x)d\v\{x) ^ i f{x)p{x)(p{x)dp,{x), 
Jx Jx 

and we call ^ :— ipp the Radon-Nikodym derivative of v with respect to p. Of 

course, ^ is determined /i-almost everywhere. 

A. 2. Radon Measures on Locally HausdorfT, Locally Compact Spaces. 

Now we want to consider functionals on "^{X) where X is a locally Hausdorff, 
locally compact space. The situation is more complicated because we will not be 
able to invoke |T5l Theorem B.36] since the vector space "^{X) need not have the 
property that / G ''^{X) implies |/| S 'ia{X)^ and hence ''^{X) need not be a lattice. 
This troubling possibility was illustrated in Example 12. II 

Consider a second countable locally Hausdorff, locally compact space X. As 
in the Hausdorff Radon measure on X starts life as a linear functional 

p : ^(^) C which is positive in the usual sense: / > should imply that 
/^(/) ^ 0- To produced a bona fide Borel measure on X corresponding to p, we 
will need the following straightforward observation. 

Lemma A.l. Suppose that {X,A4.) is a Borel space, that {Ui} is a cover of X 
by Borel sets and that pi are Borel measures on Ui such that if B is a Borel set 
in Ui n Uj, then Pi{B) ~ pj{B). Then there is a Borel measure p on X such that 
p\lji = Pi for all i. 

Furthermore, if {U'j} and p'j is another such family of measures resulting in a 
Borel measure p' , and if the pi and p'j agree on overlaps as above, then p = p' . 

Sketch of the Proof. As usual, we can find pairwise disjoint Borel sets Bi C Ui such 
that for each n, IJlLi ^« — iJ^^i^i- Then we define p by 

n 

p{B) :=^^,(i?nBO. 

1=1 

Suppose that B is the countable disjoint union Ufc^i ^k- Then, since the pi are 
each countably additive, 

n oc 00 00 00 

1=1 i=l k=l fc=l i=l 

oc 

k=l 
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Therefore /i is a measure. 
U B cUk, then 



which, since n Uk = n Uj=i Bj and since the Bj are pairwise disjoint, is 



k 



Y,^i,{Br^B,) 



which, since B n Bj C Uj (1 



Uk is 



k k 



MB n Bj) ^f,kiBn\J Bj) 



i=i j=i 



Thus fi\u^ — as claimed. 

The proof of uniqueness is straightforward. 



□ 



If is a Radon measure on 'rf{X), we can let { J7i } be a countable open cover of 
X by Hausdorff open sets. We can let fii :— fJ.\cc(Ui)- Then the fii are measures as 
in Lemma Fa. 11 and there is a measure p, on X such that p,\ij. = jii. If / G '-^{X), 
then by [211 Lemma 1.3], we can write f — fi^ where each fi G Cc{Ui) and only 
finitely many fi are nonzero. Then 



Moreover, p. does not depend on the cover { Ui }. In the sequel, we will drop the 
"bar" and write simply "/x" for both the linear functional and the measure as in 
the Hausdorff case. 

Suppose that v and /i are Radon measures on '^(X) and that we use the same 
letters for the associated measures on X. As expected, we write ^ /i if = 
implies i'{E) = 0. Let {Ui} he a countable cover of X by Hausdorff open sets, 
and let Vi and /i^ be the associated (honest) Radon measures on Ui. Clearly we 
have Ui <^ ^i and we can let pi = ^ be the Radon-Nikodym derivative. The 
usual uniqueness theorems imply that pi = pj /i-almost everywhere on Ui H C/j . A 
standard argument, as in the proof of Lemma lA.ll implies that there is a Borel 
function p : X ~> [0, oo) such that p ~ pi /i-almost everywhere on Ui. Then if 
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/ = E/^e'^^(X),wehave 

= Mx)pi^)dp{x) = f{x)p{x)dii{x) 

Jx Jx 

= Kfp)- 

Naturally, we call p the Radon-Nikodym derivative of v with respect to p. 

By a complex Radon measure on "^{X), we mean a linear functional v : "^{X) 
C which is continuous in the inductive limit topology. Since '^(^) is not a lattice, 
the usual proofs that v decomposes into a linear combination of (positive) Radon 
measures fail (for example, the proof of [HI Theorem 4.3.2] requires that min(/, g) g 
'^{X) when f,gG '^{X), and Example 12 . 1 1 shows this need not be the case), and we 
have been unable to supply a "non-Hausdorff" proof. Nevertheless, we can employ 
the techniques of Lemma lA. II to build what we need from an open cover { Ui } of X 
by Hausdorff subsets. By restriction, we get complex Radon measures on Cc{Ui). 
As above there are essentially unique unimodular functions pi such that 

v^if)= fix)p^{x)d\v^\{x) for all / G Cc(C/,). 
Jx 

Standard uniqueness arguments imply that |j/i|(_B) — IvjKB) for Borcl sets B C 
Ui n Uj. We can let be the corresponding measure on X. Then pi{x) — Pj{x) 
for |zy|-almost every x G B, and we can define a Borel function p : X ^ T such 
that p{x) — pi{x) for |i/|-almost x G Ui. The measure {vl and the |z/|-equivalence 
class of p are independent of {Ui}, and 

>^{f) = / f{x)p{x) d\,y\{x) for all / £ '^{X). 
Jx 

Suppose that p is a (positive) Radon measure on 'j^{X) and that v is a, complex 
Radon measure on '^{X). As expected, we write i/ ^ /i if every p-nnl\ set is locally 
i^-nuU. Let {Ui} be as above. Clearly i^i <^ /i^ and therefore <C Pi- It follows 
that l^l <^ p. Arguing as above, there is a C-valued Borel function p that acts as 
a Radon-Nikodym derivative for u with respect to p; that is, 

(A.4) vU) = / f{x)p{x) dp{x) for aU / e ^(X). 

Jx 

Using (jA.4[l and the continuity of i/, it is not hard to see that is continuous in 
the inductive limit topology and therefore a Radon measure. 



Appendix B. Proof of the Disintegration Theorem 

In this section, we want to give a proof of Renault's disintegration theorem (The- 
orem |7.8 on page 55] ). Let L, 7i, Ho and Hoo be as in the statement of Theorem l7.8l 
In particular, if Lin(7io) is the collection of linear operators on the vector space 
Ho, then L : "^(G) Lin(Ho) is a homomorphism satisfying conditions (a), (b) 
and (c) of Theorem 17.81 If Hq is a dense subspace of a Hilbert space H' , then we 
say that L' : ^(G) Lin('HQ) is equivalent to L is there is a unitary U : H ^ H' 
intertwining L and L' as well as the dense subspaces Ho and Hq. 
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The first step in the proof will be to produce the measure /i that appears in the 
direct integral in the disintegration. This is straightforward and is done in the next 
proposition. The real work will be to show that the measure is quasi- invariant. 

Proposition B.l. Suppose that L : '^{G) Lin(7io) is as above. Then there is 
a representation M : Co(G'(°)) B{H) such that for all h S Co{G^°^), f G "^(G) 
and ^ G Tio we have 



(B.l) 



M{h)L{f)^ = L{{hor)-f)C 



In particular, after replacing L by an equivalent representation, we may assume 
that H = L^{G^°^ * y,//) for a Borel Hilbert bundle G^") * 'f and a finite Radon 
measure fj, on G'-"-' such that 

M{h)^{u) = h{u)^(u) for all h £ Go(G("^) and ^ e ^^(^(o) ^y^^y 

Proof. We can easily make sense of (/i o r) • / for h G Go(GW)~E1 Furthermore, 
we can compute that 

{Liih o r) • /)e I L(.g)ry) = | Ldh o r) ■ 3)77). 

Then, if fc G Go(G(°))~ is such that 



we can compute that 

71 

\\h\\i\\^m)(. 



i=l 



|^i((/ior)-/,)6 

1=1 

= E(^(((ii'^ii^i-i'^i' 

n 



h)i.\L{f,)^o) 



> 

Since TLqq is dense in Ti, it follows that there is a well-defined bounded operator 
M{h) on all of 7i satisfying (jB.ip . It is not hard to see that M is a *-homomorphism. 
To see that M is a representation, by convention, we must also see that M is 
nondegenerate. But if / G CdV) C "^(G), then r(suppy/) is compact in G^^^ 
Hence there is a G Go(G'^'''') such that M{h)f = f. From this, it is straightforward 
to see that M is nondegenerate and therefore a representation. 

Since M is a representation of Go(G'^°)), it is equivalent to a multiplication 
representation on L^(G'^"^ * 7^, fi) for an appropriate Borel Hilbert bundle G*^°-' * "f 
and finite Radon measure fi — for example, see [151 Example F.25]. The second 
assertion follows, and this completes the proof. □ 

Lemma B.2. //T^qq is a dense subspace ofHoQ, then 

span{ L{f)^ : / G <^(G) and ? G H^,o } 

is dense in TL. 



usual, if A is C*-algebra, then A is equal to A if 1 € A and A with a unit adjoined 
otherwise. 
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Proof. In view of Proposition |6.8 on page 29[ there is a self-adjoint approximate 
identity { ei } for ^{G) in the inductive limit topology. Then if L{f)£_ G Hqo, we 
see that 

\\Lie,)Lif)^-Limr = 

{L{r * e, * e, * /)e I - 2Re(L(r * * f)^ \ ^) + {Lif* * /)C I C), 

which tends to zero since L is continuous in the inductive limit topology (by part (b) 
of Theorem It follows that H'qq C span{ L{f)^ : C e ^oo and / e <^(G) }. 

Since T^qq is dense, the result follows. □ 

The key to Renault's proof, which we are following here, is to realize Ti. as the 
completion of (a quotient of) the algebraic tensor product "^(G) Ho which has a 
natural fibring over 

Lemma B.3. Then there is a positive sesquilinear form {■ , •) on "^(G) Tio such 
that 

(B.2) {f®^,g<E>v)^{H9**m\v)- 

Furthermore, the Hilbert space completion K. of^S'{G) T^o is isomorphic to Tt. In 
fact, if [f ^] is the class of f ® in K,, then [/ ^] L{f)£, is well-defined and 
induces an isomorphism of K, withTi. which maps the quotient ^ [G) QHq / M , where 
Af is the subspace TV = { J2i fi® '■ X^i L{fi)^i — ^} of vectors in '^{G) T-Lq of 
length zero, onto Tioo- 

Proof. Using the universal properties of the algebraic tensor product, as in the 
proof of ^33', Proposition 2.64] for example, it is not hard to see that there is a 
unique sesquilinear form on "^(G) Tio satisfying (jB.2p F^ Thus to see that (• , •) 
is a pre-inner product, we just have to see that it is positive. But 

(E ® , E ^ = * /»)^» I ^j) 

i i ij 

(B.3) =T.i^im^\Lm^) 

i 

As in Lemma 2.16], (■ , •) defines an inner-product on "^(G) TLq/M, and 
[fi ® ^] ^ L{fi)^ is well-defined in view of (|B.3p . Since this map has range Hoo 
and since Hoo is dense in H by part (a) of Theorem 17.81 the map extends to an 
isomorphism of K, onto H as claimed. □ 

From here on, using Lemma [B.Si we will normally identify H with IC, and Hoo 
with 'g'(G) Ho/M. Thus we will interpret [/ ^] as a vector in Hoo C Ho C H. 



^^For fixed g and rj, the left-hand side of I IB.21 1 is bilinear in / and Therefore, by the universal 
properties of the algebraic tensor product, I IB.21 1 defines linear map m(g,ri) : V{G) Hq — > 
C. Then {g^rf) m{g,r]) is a bilinear map into the space CL(^(G) O Wo) of conjugate linear 
functional on 'if{G) Ho- Then we get a linear map N : ^(G) Wo ^ CL('^(G) Ho). We 
can then define {a , /3) := N{f3){a). Clearly a i— > (a , /3) is linear and it is not hard to check that 



(a , /3> = (/3 , a). 
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Then we have 

(B.4) L{g)[f ^] ^ [g * f ^] and 

(B.5) M(/j)[/0C] = P°O-/®e], 

where M is the representation of Co(G'"^) defined in Proposition |B.l on page 52{ 
g e '^(G) and h e Go(G('')). 

Remark B.4. In view of Proposition |B.l on page 52[ M extends to a *- 
homomorphism of 6^(G) into B{n) such that M{h) = if h{u) = for 
/^-ahnost aU u (where /i is the measure defined in that proposition). However, at 
this point, we can not assert that (jB.5P holds for any h ^ Go(G'-*'-'). 

Showing that fi is quasi-invariant requires that we extend equations (IB.4P and 
(|B.5|) to a larger class of functions. This can't be done without also enlarging the 
domain of definition of L. This is problematic as we don't as yet know that each 
L{f) is bounded in any sense, and Tio is not complete. We'll introduce only those 
functions we absolutely need. 

Definition B.5. Suppose that V is an open Hausdorff set in G. Let Bl{V) be 
the collection of bounded Borel functions on V which are the pointwise limit of 
a uniformly bounded sequence { /„ } C Cc{V) such that there is a compact set 
K C V such that supp/„ C K for large n. We let ^^{G) be the vector space 
spanned by the Bl{V) for all V C G open and Hausdorff. 

It is important to note that ^^(G) is not a very robust class of functions on G. 
In particular, it is not closed under the type of convergence used in its definition. 
Nevertheless, its elements are all integrable with respect to any Radon measure on 
G, and the following lemma is an easy consequence of the dominated convergence 
theorem applied to the total variation measure. 

Lemma B.6. Suppose that a is a complex Radon measure on "(^(G) such that 

(B.6) a(/)= / /(7)p(7)d|a|(7) 

Jg 

for a unimodular function p and total variation \a\ (see Appendix \A.S^) . Then a 
extends to a linear functional on SS^ (G) such that (|B.6P holds and such that if { fn } 
is a uniformly bounded sequence in SS^{G) converging pointwise to f € M^{G) with 
supports eventually contained in a fixed compact set, then cr(fn) — > cr{f). 

Sketch of the Proof. Since \a\ is a Radon measure, (jB.6l) makes good sense for any 
/ £ (G) . Thus a extends as claimed. The rest is an easy consequence of the 
dominated convergence theorem applied to lo-j. □ 

Corollary B.7. If f,g £ ^^(G), then 

Jg 

defines an element f * g of SS^{G). 

Proof. As in the proof of Proposition |4. 4 on page iB} we can assume that there are 
Hausdorff open sets U and V such that UV is Hausdorff and such that / G B\{U) 
while g £ B\{V). Let { /„ } and { <?n } be uniformly bounded sequences in Cc{U) 
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and Cc{V), respectively, such that /„ f and gn ~* 9 pointwise and with supports 
contained in a fixed compact set. Since 

l/n *5"(7)l < ll/«l|oo||5«||oo sup A"((supp/„)(suppg„)), 

it foUows that { fn* g-a } is a uniformly bounded sequence in Cc{UV)^ all of whose 
supports are in a fixed compact set, converging pointwise to / * g. Thus f * g E 
BliUV) C ^i(G). ' ' □ 

In view of the continuity assumption on L, we can define a complex Radon 
measure ,j on "^(G) via 

LUf) mm I V) 

for each ^ and rj in Tig- Keep in mind that we can extend L^^^^i to a linear functional 
onaUof^i(G). 

Lemma B.8. There is a positive sesquilinear form on 3S^{G) QTio, extending that 
on 'rf{G) Ti.0, such that 

(/ ® e , 5 ® ^y) = L^Mg* * f) for all f,g€ ^{G) and ^,r,eHo. 

In particular, if 

A4 ■■={Y.f^®^e'^{G)QHo : (5]/»®e,^/.®6)-0} 

i i i 

is the suhspace of vectors of zero length, then the quotient M^{G) QTio/Mb can he 
identified with a suhspace of 71 containing Hqo '■— "^(G) Tio/AA. 

Remark B.9. As before, we will write [/ ^] for the class of / ^ in the quotient 
^i(G)0Ho/AAbCH. 

Proof. Just as in Lemma |B.3 on page 53[ there is a well-defined sesquilinear form 
on ^i(G) TLo extending that on "^(G) TLq. (Note that the right-hand side of 
(jB.2[) can be rewritten as L^^ri{g* * /).) hi particular, we have 

(XI ® ^» ' 5Z 5'i ® ^j) = H ^i^.n, i9j * fi)- 

i 3 ij 

We need to see that the form is positive. Let a :— J2i fi ^ and let {fi,n} 
be a uniformly bounded sequence in '^(G) converging pointwise to fi with all the 
supports contained in a fixed compact set. Then for each i and j, f* * fi 

in the appropriate sense. In particular, Lemma [B. 6 on the preceding page] implies 
that 

ij 

ij 

= lim(a„ , a„), 

n 

where q;„ := /i,n®Ci- Since(- , ■) is positive on '^(G)0Ho by Lemma |B.3 on page 53[ 
we have («„ , «„) > and we've shown that (■ , •) is still positive on ^^(G) Hq. 

Clearly the map sending the class /0^-l-A/' to /0^-|-A/fc is isometric and therefore 
extends to an isometric embedding of Ti, into the Hilbert space completion Hb of 
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3§^{G) Hq with respect to (• , •). However if g ® ^ € ^^G) Ho and if { g„ } is 
a sequence in "^(G) such that gn — » g in the usual way, then 

IKffn e + AAb) - (5 e + A4)|P = L?,c(5; *9n-9*n*g-g* 9n + 9* * 9), 

and this tends to zero by Lemma [B. 6 on page 54| Thus the image of Ti. in Hb is aU 
of Hb- Consequently, we can identify the completion of ^^{G) Hq with H and 
^^{G) Ho/Afb with a subspace of H containing Hqo- □ 

The "extra" vectors provided by ^^{G) Tia/Mb are just enough to allow us to 
use a bit of general nonsense about unbounded operators to extend the domain of 
each L{f). More precisely, for / G "^(G), we can view L{f) as an operator in H 
with domain 'D{L{f)) = Hoo- Then using part (c) of Theorem |7. 8 on page 35[ we 
see that 

L(r) CL(/)*. 

This implies that L{f)* is a densely defined operator. Hence L{f) is closable 
[II Proposition X.1.6]. Consequently, the closure of the graph of L{f) in H x H is 
the graph of the closure L{f) of L{f) [71 Proposition X.1.4]. 

Suppose that g e £§^{G). Let {gn} be a uniformly bounded sequence in "^(G) 
all with supports in a fixed compact set such that gn ^ 9 pointwise. Then 

(B.7) \\[gn ®S,]-[g® C]f = L^^^{gl * 5™ - 5* * 9n - 9*, *9 + 9*9)- 

However { 9n * 9n ~ 9* * 9n — 9n * 9 + 9 * 9} is uniformly bounded and converges 
pointwise to zero. Since the supports are all contained in a fixed compact set, the 
left-hand side of (|B.7p tends to zero by Lemma [B. 6 on page 54| Similarly, 

ll[/*5«®C]-[/*5®e]||'-0. 

If follows that 

{[gn L{f)[9n C]) ~- {[9 ® C], [/ * 5 ® ?]) 
in (^i(G) Ho/N'b) X (^i(G) Ho/A4) CHxH. Therefore [5 ^1 G P(I(7)) 
and ^] — [/ * g C]- We have proved the following. 

Lemma B.IO. For each f £ "^(G), L{f) is a closable operator in Ti. with domain 
V{L{f)) ^ Hoo = ^(G)07^o/7V. Furthermore S§^{G)Qno/ Mb belongs toVQjJ)), 
and 

Lif)[g e] = [/ * for all f £ '^{G), g € ^\G) and ^ G Ho- 

Now can extend L a bit. 

Lemma B.ll. For each f G 3§^(G), there is a well-defined operator Lb{f) € 
Lin(^i(G) 0Ho)/A^b) such that 

(B.8) Lb{f)[g'E)^]^[f*g<»^]. 

Iffe'^iG), then Lb{f)cL(f). 

Proof. To see that (jB.8|) determines a well-defined operator, we need to see that 
(B.9) Y,[9^<»^^]^0 implies ^[/ * 5, e.] = 0. 

i i 

However, 

(B.IO) ||^[/ * g, C.]f - E ^C-.?. */**/* 9^)■ 

i ij 
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Since / e ^^(G), we can approximate the right-hand side of ()B.10p by sums of the 
form 

(B.ll) Y^^i^^iM*^* *^*9^), 

ij 

where h G "^(G). But ([RTT|) equals 

11^5] [ft ^^^if 

i 

which is zero if the left-hand side of (jB.Op is zero. Hence the right-hand side of 
(|B.9p is also zero and L\j{f) is well-defined. 

If / e "^(G), then C L{f) by Lemma [B". 10 on the facing page} □ 

The previous gymnastics have allowed us to produce some additional vectors in 
7i and to extend slightly the domain of L. The next lemma provides the technical 
assurances that, despite the subtle definitions above, our new operators act via the 
formulas we expect. 

Lemma B.12. Suppose that f e M^{G) and that k is a bounded Borel function on 
G'"-* which is the pointwise limit of a uniformly bounded sequence from Go(G(")). 
Then for all g,h d ^(G) and ^, 77 G Tin, we have the following. 

(a) {Lbif)[g^C] I [h®v]) - I [h(^v]) 

^ L^,jj{h* * f*g) 

(b) {M{k) [g I [h(^v])^ h.nih* * ((fc o r) ■ 5)) 

- ([(fcor) - 5®^] I [h(x)Tj]) 
= {M{k)L{g)^ I L{h)7^) 

(c) {M{k)Lt{f)[g(^C] I [/i®77]) = {Lbiikor)-f)[g(g>^] \ [h®rj]). 

Proof. We start with (a). The first equality is just the definition of Li,{f). The 
second follows from the definition of the inner product on ^^{G) Ho/N't- If 
/ is in '^{G), then the third equation holds just by untangling the definition of 
the complex Radon measure and using the continuity in the inductive limit 
topology. The third equality holds for / e .^^(G) by applying the continuity 
assertion in Lemma |B.6 on page 54[ 

Part (b) is proved similarly. The first equation holds if fc G Go(G*^°-') by definition 
of M{k) and i^,,,. If { fc„ } C Go(G'*'') is a bounded sequence converging pointwise 
to A;, then M{kiS) M{k) in the weak operator topology by the dominated conver- 
gence theorem. On the other hand h* *{knOr) ■ g — > h* *(ko r)g in the required way. 
Thus L^ riih* * {kn o • 5) — > jj{h* * {k o r)g) by Lemma [B. 6 on page 54| Thus 
the first equality is valid. The second equality is clear if fc G Go(G'''^) and passes 
to the limit as above. The third equality is simply our identification of [g (E> ^] with 
L{g)^ as in Lemma [B. 3 on page 53| 

For part (c), first note that if /« ^ / and fc„ — > k are uniformly bounded 
sequences converging pointwise with supports in fixed compact sets independent of 
n, then {k o r) ■ f = lim„(fc„ o r) ■ /„. It follows that [k o r) ■ f ^ S§^{G). Also, 
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[/ ® C] — lim[/ri £], and since AI{k) is bounded, part (b) implies that 
M(fc)[/0C] =liniM(x)[/„®C] 

n 

^ lim[(fc o r) • /„ (X) 

71 

= [(fcor)./®C]- 

Since it is not hard to verify that M{k)*[f ^] = (fc o f ) • / ^ C]i we can compute 
that 

{M{k)L,{f)[g^^] I [h®r,]) = {[f * g ^ \ {k o r) ■ h ^ r^]) 

= ([fcoO-(/*5)®C] I [h(^v]) 

- ([((fcor)./)*g®C] I [h^fj]) 

= {Lt{{kor)-f)[g(^^]\[h®fj]). □ 

Proposition B.13. Let /i 6e i/ie Radon measure on G^^^ associated to L by Propo- 
sition \B.l on page 5S\ Then /i is quasi-invariant. 

Proof. We need to show that measures v and v^^ (defined in (|7.ip and (|7.2p . re- 
spectively) are equivalent. Therefore, we have to show that if A is pre-compact in 
G, then v{A) = if and only if v{A~^) = 0. Since {A~'^)~^ = A, it's enough to 
show that A i/-null implies that A^^ is too. Further, we can assume that A C V, 
where V is open and Hausdorff. Since v\v is regular, we may as well assume that 
A is a G^-set so that / := 1a is in Bl{V) C ^\G). Let f{x) = fix'^). We need 
to show that f{x) = for {/-almost all x. Since A is a Gs, we can find a sequence 
{ /„ } C G+ (V) such that /„ \ /. 

If k is any function in "if (G), then kfk = |fcp/ G ^^(G) and vanishes ^/-almost 
everywhere. By the monotone convergence theorem, 

X{kfk){u) / |fc(7)lV(7)rfA"(7) 

JG 

defines a function in Bl{G^^'') which is equal to for ^-almost all u. In particular, 
M(\(kfk)) = 0. 

It then follows from part (b) of Lemma |B.12 on the previous pag"e| that 

(B.12) = {M{\(kfk))L{g)i \ L{g)0 = L^M * (A(fc/fc) o r) • g) 

for aU g e ^(G) and £, £ Wo- On the other hand, if ((RT21) holds for aU g,k <E "^(G) 
and ^ e Ho, then we must have M{X{kfk)) = for all k e '^(G). Since 7(7) > 
everywhere, this forces \k{'y)\'^ /{j) = for i^-almost all 7. Since k is arbitrary, we 
conclude that 7(7) =0 for z^-almost all 7. Therefore it will suffice to show that 

(B.13) * (A(fc/fc) or) -5) = for all g, /c e '^(G) and ^ G Ho, 

where we have replaced / with / in the right-hand side of (jB.12p . First, we compute 
that with / in ((RT2l) we have 

5**(A(fc/fc)or).g(a)= / ^e7^(A(fc/fc) o r) • 3(7- V) dA'^(^) (7) 

JG 

= / ^(F^A(fc/fc)(s(7))g(7-V)dA'-(-)(7) 

JG 

JG JG 
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which, after sending r] j ^rj and using left-invariance of the Haar system, is 

= / / 9{l~')Hl~'v)f{l~\}kh''v)9h-'<T) rfA'-(^) iv) dA'-(-) (7) 
Jg Jg 

which, after defining ^(7,77) := fc(7~"'^'7)5(7~"'^) and / ■ F{'j,r]) :— f{'j~^'ri)F{j,ri) 
for (7, 7]) e G G, is 

(B.14) = / / FUv)f-F{a-'^,a-'rj)dX^^^Hr,)dX^^^\^). 

JG JG 

We will have to look at integrals of the form (IB.14P in some detail. First note 
that if U and V are Hausdorff open sets in G, then U *r V is a Hausdorff open set 
in G *r G. Thus if 5, fc G ^<o[G), then F(7, rf) := k{-f~^j])g{'j~^) defines an element 
F e'^iG*r G)H 

Lemma B.14. Suppose that Fi,F2 G "^(G *r G). Then 

[ [ 'K{F^)F2{a-'l.cj-'r,)dX-^-\r^)dW^''\-f) 

JG JG 

defines an element of^^G) which we denote by Fi *a*a ^2- 

Proof. We can take Fi G Cc{Ui *r Vi) with each Ui and Vi open and Hausdorff. As 
in the proof of Proposition |4. 4 on page l"6l we can assume that t/iC/j"^ and VxVff^ 
are Hausdorff. Note that 

||^'l*A*Ai^2||oo < ||i^l||oo||F2||oo SUp A" (if 1 ) A" (i^2) 

whenever suppFi C K\ *r K^- Thus to see that Fr *x*\ F2 G Gc{UiU2^ n ViV^f^), 
it will suffice to consider only those Fi is dense subspaces of Cc{Ui *r Vi) and 
Cc{U2 *r V2). In particular, we can assume that each Fi is of the form Fi{'-f,ri) = 
ki{ri)g{'^~^^). But then 

Fi *A*A F2{a) = ki* k2{<y)g*i * 92(0-), 
and the result follows. □ 

Lemma B.15. Functions of the form 

(B.15) h,v)^Hl''v)9h'') withk,ge^iG) 

span a dense subspace of "^(G *r G) in the inductive limit topology. 

Proof. We have already noted that functions of the form given in ((BT5)) deter- 
mine elements 9k. g in "^(G *r G). Furthermore, arguing as in the proof of Propo- 
sition |4.4 on page 16[ it will suffice to show that we can approximate functions 
6 G Gc{U *r V) with U and V open, Hausdorff and such that UV is Hausdorff. 
Then the span of functions 6k, g with k G Cc{UV) and g G Cc{V~^) is dense in 
Cc{U *r V) in the inductive limit topology by the Stone- Weierstrass Theorem. □ 



"For example, we can assume that k G Cc{U) and g G Cc{V) with U and V both open and 
Hausdorff. A partition of unity argument as in the proof of Proposition |4. 4 on page 16| allows us 
to assume that VU is Hausdorff. Then observe that suppF C VU *r V~^. 
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Let ^0 C TciG *r G; be the dense subspace of functions of the form con- 
sidered in Lemina |B.15 on the previous pa"gel We continue to write / for the char- 
acteristic function of our fixed pre-compact, i/-null set. Then we know from (jB.12() 
that 

(B.16) L^,^ (F *A*A (/ • ^)) = for aU F e M)- 

It is not hard to check that, if /' e Bl{G), then F *a*a (/' • F) e S§^{G) and that 
if i^n F in the inductive hmit topology in "^(G =1=^ G), then { _F„ *x*\ (/' • F) } 
is uniformly bounded and converges pointwise to F *a*a (/' ' F). In particular the 
continuity of the L^,^ (see Lemma [B.6 on page 54[ ) implies that (jB.16P holds for all 
F e "^(G *r G). But if we define F{x, y) :— F{y, x), then we see from the definition 
that 

^*A*A {f-F) = F*x*x if-F)), 
where we recall that f{x) := f{x^^). Thus 

(F *x*x if ■F)))^0 for aU F e ^(G G). 

Since the above holds in particular for F ^ jz/q, this implies (jB.13|) . and completes 
the proof. □ 

To define the Borel Hilbert bundle we need, we need to see that the complex 
Radon measures Lj,^ defined above are absolutely continuous with respect to the 
measure v. In order to prove this, we need to restrict f and rj to lie in Tiooi ^^^d to 
employ Lemma |B.12 on page 57] 

Lemma B.16. Let a and b be vectors in Hoo (identified with '^S'{G) QTi-o/M). Let 
La.b be the complex Radon measure given by 

LaAf) ■■= {LU)a\b). 

Then La.b is absolutely continuous with respect to the measure v defined in (j7.1[) 

Proof. It is enough to show that if M is a pre-compact i^-nuU set and if / := 1m, 
then La.bif) — 0. We can also assume that M C V where F is a Hausdorff open 
set. Since i/jy is a Radon measure, and therefore regular, we may as well assume 
that M is a Gs-set. Then / e Bl{V) C ^^{G). 
On the other hand, 

= / / /(7)dA"(7)dA.(w), 
Jam Jg 

so there is a ^-nuU set N C G'"' such that A"(A/ n G") = if m ^ N. As above, 
we can assume that is a G5 set. Then for any g e "^(G), we have 

Jg 

whenever r^-j) ^ N . Since supp 

Xrh) ^ it follows that for aU 7 e G (without 

exception) , 

(B.17) / * 5(7) = liv(r-(7))/ * 5(7) = ((Ijv or)./)* 3(7). 



^^Absolute continuity of complex Radon measures on locally Hausdorff, locally compact spaces 
is discussed in Appendix I A. 21 
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Since a,b E Tioo, it sufRccs to consider a = [5 ® "^1 a-nd b — [ft- ® 77] (with 
g,h G 'ia{G) and £,,ri E Ho). Note that / and 1^ satisfy the hypotheses of 
Lemma [B.12 on page 57| Therefore, by part (a) of that lemma, 

which, by (|B.17p . is 

= ([((lAror)./)*5 0^] I [h(E)v]) 
which, by part (a) of Lemma IB. 121 is 

= (ib((ljvor) •/)[.g®C] I [h^v]) 
which, by part (c) of Lemma FB. 12) is 

= {M{lN)Lb{f)[9®^] I [ft® 77])- 

Since M(ljv) — 0, the last inner product is zero as desired. This completes the 
proof. □ 

Since the measures v and z/q are equivalent, for each ^, 77 G Woo, we can, in view 
of Lemma |B. 16 on the preceding page[ let p^,ri be the Radon-Nikodym derivative 
of L^^ri with respect to i>a. Then for each ^,7] E Tioo: we have 



Jg 

/(a;)p^,^(x)A(x)"5 dA"(x) d^i{u). 



G(o) Jg 



Our next computation serves to motivate the construction in Lemma B.17 on the following page 



If ^,77 G 7^00, then we can apply Lemma |B.16 on the preceding page| and compute 
that 

I Lig)fj) = {Lig* * f)^ \ ,7) = L^^.ig* * /) 

g* * /(7)PC,,(7)A(7)~^ dA''(7) dfi{u) 



GO) JG 



'G<0) JG JG 

which, by Fubini and sending 7 i— > 777, is 

= / / / ^{F^fh)pUvi)Mvi)-'^dX^(^\j)dX^v)dKu) 
Jgw JgJg 

which, after sending 77 y—i- 77^^, and using the symmetry of I'o, is 

G(0) JG JG 

dA"(7)dA"(r7)d/-t(?/). 
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Since it is not clear to what extent p^.ri is a sesquilinear function of (^,?7), we 
fix once and for all a countable orthonormal basis { } foi' ^oo • (Actually, any 
countable linearly independent set whose span is dense in Hqo will do.) We let 

:= span{Ci }• 

To make the subsequent formulas a bit easier to read, we will write pij in place of 
the Radon-Nikodym derivative PQ^^ciy The linear independence of the Q guarantees 
that each a G "^(G) TYqq can be written uniquely as 

^ ® C 



a 



where all but finitely many fi are zero. 

Lemma B.17. For each u G G^'^\ there is a sesquilinear form {■ , •)„ on '^^{G)Q'H'qq 
such that 



(B.18) {I®Q^,g®Qu 



G JG 



Furthermore, there is a p-conull set F C G'^^^ such that (• , ■)„ is a pre-inner 
product for all u ^ F. 

Remark B.18. As mentioned earlier, we fixed the Q because it isn't clear that the 
right-hand side of (|B.18[) is linear in Q or conjugate linear in Q. 

Proof. Given a = J^i fi ® d and (3 — J^j 9j ® 0; we get a well-defined form via the 
definition 

(a = ^ / / ^/,(7)p,,(7y-i7)A('77)'^ dA"(7) dA"(7?). 
Jg Jg 

This clearly satisfies (|B.18|) . and is linear in a and conjugate linear in (3. It only 
remains to provide a conuU Borel set F such that (• , ■)u is positive for all u ^ F. 

However, (IB.ISP was inspired by the calculation preceding the lemma. Hence if 
" •= Li fi ® 0, then 



(B.19) 



J2{Lif^K^ I LifjK. 
ij 

ij 

E 
E 

f 

G(0) 



G<o) Jg Jg 

dX'^i-f) d\''{T])dn{u) 
(/i ® G , fj ® Qudpiu) 

GO) 

a , a)u dn{u). 



Thus, for /i-almost all u, we have {a , a)„ > 0. The difficulty is that the exceptional 
null set depends on a. However, there is a sequence { /i } C "^(G) which is dense in 
■^(G) in the inductive limit topology. Let ^/q be the rational vector space spanned 
by the countable set { fi Ci }i,j- Since is countable, there is a /x-conull set F 
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such that (• , •)„ is a positive Q-sesquihnear form on s^q. However, if gi — )■ g and 
hi /i in the inductive Umit topology in ^€{G), then, since A" x A" is a Radon 
measure on x , we have {gi <S) Q i hi® C,k)u — > {g ® i ^ (8) Cfc)«- K follows 
that for all u ^ F, (• , ■)„ is a positive sesquilinear form (over C) on the complex 
vector space generated by 

{f®Q:f€nG)}. 
However, as that is all "^(G) Hqo, the proof is complete. □ 

We need the following technical result which is a rather specialized version of 
the Tietze Extension Theorem for locally Hausdorff, locally compact spaces. 

Lemma B.19. Suppose that g E Cc{G'") for some u E G'-°\ Then there IS a 
f E "^(G) such that /|g" = g- 

Proof. There are Hausdorff open sets Vi, . . . ,Vn such that supp g C [JVi. Then, 
using a partition of unity, we can find gi E Cc{G") such that suppg^ C Vi and such 
that J29i — 9- -E^y the Tietze Extension Theorem, there are fi E Cc{Vi) such that 
/ilc" = gi- Then f ■.^Y.fi does the job. □ 

Note that for any u E G'"', the value {f ® Q , g ® Ci)« depends only on /|gu 
and 5|g"- Furthermore, using our specialized Tietze Extension result above, we 
can view (• , ■)„ as a sesquilinear form on Gc(G"). (Clearly, since G" is Hausdorff, 
each / E ^{G) determines an element of Cc{G^). We need Lemma FB. 191 to know 
that every function in Cc{G^) arises in this fashion.) In particular, if / E "^(G) 
and a E G, then we let u{a)f be any element of ^(G) such that 

(u(cr)/)(7) = A((T)3/(cr-i7) for aU 7 E G^'^'^l 

Of course, u{a)f is only well-defined on G'^'^"\ 

The next computation is critical to what follows. We have 

(^i(a)/®G ,5«'0),(,) =^^5M/(<^"SK(7^'^)A(a-S7y)-^ 

dA''("'(77) dA''("H7) 

which, after sending 7 ^ (77, is 

= / / 5M/(7)p»j(7"^CT~S)A(7'7)"^ 

JG JG 

which, after sending 77 1-^ arj, is 

= / / 5(^/(7)p*i(7^N)A(CT)-5A(7?7)-5 

JG JG 

dA"('")(?7) dA''('^'(7) 
= / / (u(a-i).g)(r;)/(7)p,,(7-i,7)A(7r;)-^ 

JG JG 

dA''('^)(77) dA"('")(7) 

= (/®C, , u{a-^)g®ri) 
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Recall that G acts contmuously on the left of G^°^ : 7 • 3(7) = 7'(7)- In particular, 
if C is compact in G and if K is compact in G^"-* , then 

G • X = { 7 • u : (7, u) e g(2) n (G X if ) } 

is compact. If J7 C G^"-', then we say that U is saturated if [/ is G-invariant. More 
simply, U is satmated if s{x) £ U implies r{x) is in U. If y C G(o\ then its 
saturation is the set \y] = G ■ V which is the smallest saturated set containing V. 

The next result is a key technical step in our proof and takes the place of the Ram- 
say selection theorems ([551 Theorem 3.2] and J3^, Theorem 5.1]) used in Muhly's 
and Renault's proof. 

Lemma B.20. We can choose the ^-conull Borel set F C G^^^ in Lemma \B.17\ to 

be saturated for the G-action on G'"-* . 

Proof. Let F be the Borel set from Lemma [B. 17 on page 62[ We want to see that 
(• , ■)v is positive for all v in the saturation of F. To this end, suppose that u E F 
and that u £ G is such that s{a) = u and r{<j) ~ v. Then 

7 ^ A{a)if{a~^-f) 

is in Gc(G^), and such functions span a dense subspace of Gc(G") in the in- 
ductive limit topology. Moreover, as we observed at the end of the proof of 
Lemma |B.17 on page 62[ 

(ft Cj , 9i ® Ck)v ^ (/ 8) Cj , 5 ® Ck)v 

provided fi^f and gi g 'm the inductive limit topology in Gc(G^). Therefore, 
to show that (• , ■)y is positive, it will suffice to check on vectors of the form 
a := u{a){fi) ® Q. Then using the key calculation preceding Lemma FB. 201 we 
have 

(a , a)y = ^(u(cr" V)/, (g) Ci , fj (g) Cj)„- 
(B.20) =IZ(/.«'C» 

i i 

which is positive since u € F. 

It only remains to verify that the saturation of F is Borel. Since /i is a Radon 
measure — and therefore regular — we can shrink F a bit, if necessary, and assume 
it is cr-compact. Say F = ljif„. On the other hand, G is second countable and 
therefore cr-compact. If G = IJ Cm, then [F] = IJ Cm ■ Kn- Since each Cm ■ Kn is 
compact, [F] is cr-compact and therefore Borel. This completes the proof. □ 

From here on, we will assume that F is saturated. In view of Lcmma |B.17 on page 62[ 
for each u € F we can define 7i(u) to be the Hilbert space completion of '^{G)QTIqq 
with respect to {• , •)„. We will denote the image oi f ® Q in 7i(u) by / (E)u Ci- 
Since the complement of F is /i-nuU and also saturated, what we do off F has 
little consequence. In particular, G is the disjoint union of G\f and the i/-null set 
G|g(o)\_f0 Nevertheless, for the sake of nicety, we let V be a Hilbert space with 

"^"^The saturation of F is critical to what follows. If F is not saturated, then in general G is not 
the union of G\p and G\q^o)\p- But as F is saturated, note that a homomorphism ip : G\p — > H 
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an orthonormal basis { Cij } doubly indexed by the same index sets as for { /i } 
and { Cj }, and set n{u) = V if m G G(°) \ F. We then let 

G^°^ * = {{u,h) : u £ F and h e n{u) }, 

and define $y : ^ F * by 

//, ®u Cj Hue F and 
I II u ^ r . 

(Technically, ^ij{u) = (u, /i (^u Cj) — at least ior u & F — but we have agreed 
to obscure this subtlety.) Then [46l Proposition F.8] implies that we can make 
G(o) * Jif into a Borel Hilbert bundle over G'"' in such a way that the { } form 
a fundamental sequence (see [151 Definition F.l]). Note that H f <S>Ci £ "^(G) OHqo 
and if $(u) := / ®u Cij then 

UK^ ($(u) , *^j(u))„ 

is Borel on F^ It follows that (f> is a Borel section of G'-'^-' * and defines a class 
in L2(GW 

Furthermore, (jB.20|l shows that for each a G G\f, there is a unitary Ua : 
W(s((t)) ^ H[r{a)) characterized by 

If CT ^ G\f, then H(s((t)) = Tl{r{a)) = V, and we can let Ua be the identity 
operator. 

Lemma B.21. The map U from G to Iso(G(°) * Jf) defined by U{a) := 
(r(cr), C/ct7 s(cr)) is a Borel homomorphism. Hence (/i, G^"-* * C/) is a unitary 
representation of G on L^(G'-*'-' * M',^). 

Proof. If cr e G|f, then 

(s(fT)) \<^kMa))) = 

JG Jg 

Thus cr ^ (Ua^ij{s{a)) \ $fci(r(cr))) is Borel on F by Fubini's Theorem. Since it 
is clearly Borel on the complement of F, U is Borel. The algebraic properties are 
straightforward. For example, assuming that 7 G G^^'^\ we have on the one hand, 

{uia7j)f){^) ^ A{a7^)"^ f{iav)-'l), 

while 

{u{a)u{r,)f)i^) = A(a)^(ii(r?)/)(a-S) 
= A(ar7)^/(r7-V-i7). 

It follows that U is multiplicative on G\f- Of course, it is clearly multiplicative on 
the complement (which is G\q(o)\p since F is saturated). □ 



can be trivially extended to a homomorphism on all of G by letting ip be suitably trivial on 
G\q(o)\^p- This is certainly not the case if F is not saturated. 

^^We can define to be zero off F. We are going to continue to pay as little attention as 

possible to the null complement of F in the sequel. 
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Lemma B.22. Each /®Ci G '^^(G')0Hoo determines a Borel section := /®uCi 
in C^{G^'^^ * whose class in L^(G^*'-' * 'J^jfJ-) depends only on the class of 

[f ® Ci] e ^(G) H'oq/N' C "^(G) QTio/M ^ Hon. Furthermore, there is a unitary 
isomorphism V of H onto L'^{G^°'> * Ji^,n) such that V{L{ f)Q) = [$]. 

Proof. We have already seen that $ is in >C^(F*^, /i). More generally, the compu- 
tation (|B.19P in the proof of Lemma [B. 17 on page 62| shows that if a = J^i fi ® C* 
and := J2i fi ®" then 

ii*ii2 = ||E^(/^)c^ 

i 

Thus there is a well defined isometric map V as in the statement of lemma mapping 
span{L(/)Ci : / G 'tf{G) } onto a dense subspace of L^{F * Jf,^). Since H'qq is 
dense in Hoq, and therefore in H, the result follows by Lemma rB.2 on page 52[ □ 

The proof of Theorem |7.8 on page 35| now follows almost immediately from the 
next proposition. 

Proposition B.23. The unitary V defined in Lemma \B.2S\ intertwines L with 
a representation L' which in the integrated form of the unitary representation 
(/i, G^*'^ * J^, U) from Lemma \B.21 on the preceding page\ 

Proof. We have = VL{fi)V*. On the one hand, 

{L{fl)[f®C^\ I [9®Q)n^ 

{VL{f,)[f®Q] I V[g®Q) = 

® Ci] I V[g®Q). 

But the left-hand side is 

(L(/i*/)C. |L(5)0)=ic,,o(.g**/i*/) 

/ / W)h* f{l)p^Ar^lmrllr'^ d\-{^)d\^{r^)d^l{u) 
G<o) Jg Jg 

III ^/i(a)/(a-S)p.,(,7~S)A(r;7)-^ 

G(") JG JG JG 

dr{a) d\''ij) dX''{T])dfi{u) 



G<") JG JG JG 



F JG 



fi{a)g{^){uia)f)ij)p,,{r,-'j)Aiin)-^A{a)-'^ 
dA"(cr) dA"(7)dA"(?7) dn{u) 
^ fi{a){il{<j)f C. , 5 0)„A(a)-5 dA"(a) d^l{u) 

/i(7)(t/7(/®s(7)C0 , (ff0nO)„A(a)-3dA"(a)dAi(u) 
/i(a)(C/.l^[/ OKsC't)) , V[g 0](K'^))),(.)A(a)-5 
Thus i' is the integrated form as claimed. □ 



F JG 
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